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Abstract

This paper develops a quantitative, multi-country model of endogenous growth, international

trade, and international knowledge flows in order to understand how access to both foreign prod-

ucts and technologies, together, influences innovation incentives and the world distribution of

income. An endogenous product cycle arises in equilibrium, in which innovative countries en-

gage in both horizontal and vertical research, while others far from the technological frontier

specialize in learning about and applying research previously conducted abroad. The effect of

trade barriers on the level and dispersion of income across countries is found to be larger than

would be predicted by a static trade model, and the effect of access to international knowledge

flows is also quantitatively important and dependent on trade flows. For instance, halving the

cost of learning reduces income dispersion by 23%, while doing so after eliminating asymmetric

international trade barriers reduces income dispersion by only 10%.
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1 Introduction

It is well known that differences in income per worker across countries are very large and that, for

the majority of countries, these differences have been persistent over time. A great deal of work has

been devoted to determining the sources of these differences. Accounting exercises based on the

Solow-Swan neoclassical growth model, such as Caselli (2005), find that productivity differences

account for the majority of income differences. While such studies tend to treat countries in isolation

and take productivity as an exogenous factor, others have sought to measure the contribution of

endogenous innovation (e.g. Howitt, 2000), technology diffusion (e.g. Eaton and Kortum, 1999),

and international trade (e.g. Waugh, 2010) to measured productivity.

In this paper, I assess the contribution of all three of these together in a unified framework in

which each is determined endogenously. To this end, I develop a quantitative, multi-country model

of endogenous growth, international trade, and international knowledge flows and use this model

to quantify the effect of countries’ access to foreign products and technologies on the worldwide

distribution of income. An endogenous product cycle emerges in equilibrium, in which most prod-

ucts, and techniques for producing them, are invented in the richest countries. Poorer countries

benefit from producing and exporting older products using knowledge that has been developed in

the richer countries. I fit the model to data on international trade flows and research expenditure

and argue that the ease of access to foreign products and knowledge, and its effects on innovation

incentives, is quantitatively important in accounting for the cross-country differences in productiv-

ity and income that exist in the data. For example, the elimination of asymmetric trade barriers

causes a 68% decrease in the dispersion of income per worker across countries, and the change is

20% larger than would be predicted by a model that did not account for the effect on trade barriers

on countries’ research expenditure.1

Innovation in the model, as in Young (1998), takes the form of both horizontal and vertical

research and development – i.e. inventing new products and developing new techniques for pro-

ducing existing products, respectively.2 In the baseline model, similar to Rivera-Batiz and Romer

(1991), knowledge of the former type – that a new product has been invented – travels instantly

and costlessly throughout the world, but in order to be able to produce an existing product, a

potential entrant must develop a production technique either through original research (vertical

R&D) or by devoting resources to learning and applying knowledge previously created through the

vertical R&D of others.3 International trade is driven by Ricardian forces – buyers in each country

1In the specification used in this paper, trade barriers are asymmetric due to border costs that vary by exporter. As
Waugh (2010) argues, such barriers, unlike typical variables from the gravity literature, which tend to be symmetric,
are likely to be policy-related.

2Howitt (1999), Peretto (1998), and Dinopoulos and Thompson (1998) also develop endogenous growth models
with both horizontal and vertical innovation. While these models were primarily concerned with scale effects on
growth, the model of this paper features both forms of innovation to highlight the differential effects of international
trade and knowledge flows on the returns to each.

3This assumption is in the spirit of Nelson (1982), who argues that there is information contained in previously
conducted research – the “logy” component of technology – that is public in nature and can be utilized by firms to
develop production techniques without conducting original research.
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purchase a given product from the producer that can produce and deliver it at the lowest cost – and

the productivity with which a product is produced in a given country is a function of the history

of innovative activity there since the the time of the product’s invention.

The model admits a balanced growth path in which every country grows at a constant rate,

and the share of a country’s output devoted to each type of innovative activity, along with its

average research productivity, its size, and the trade barriers it faces, determines its level of income

relative to other countries.4 Along the balanced growth path, the expected productivity with which

a product can be produced can be characterized as a function of the age of the product and the

location of its inventor. Initially, only the inventor can produce the product, but over time better

techniques for producing it are developed, and the location of the low-cost provider evolves as new

vertical R&D related to it accumulates and is learned and applied around the world.

There are two major forces that lead to the emergence of a product cycle in equilibrium. First,

because knowledge created through vertical research is only useful in countries where it has not

been previously applied, the returns to learning, as in Acemoglu et al. (2006), are increasing in a

country’s average distance to the technological frontier, which is decreasing in a country’s average

research productivity and the size of its labor force relative to the rest of the world. Second, with

international trade, expected profits from producing an older product, for which vertical R&D has

accumulated and been applied around the world, are relatively lower for producers in high-wage

countries compared with newly invented products for which these producers face no direct compe-

tition initially. Because relative wages are also increasing in research productivity in equilibrium,

this implies that expenditure on horizontal R&D is relatively greater in high-income countries,

expenditure on learning is relatively greater in low-income countries, and relative expenditure on

vertical research depends on the relative strength of these two effects. Thus, products tend to

be invented in high-income countries, which produce and export products early in their life cycle,

while low-income countries have a comparative advantage in older products for which knowledge

generated by foreign vertical research has been learned over time.

The model of innovation and international trade is built around the framework of Eaton and

Kortum (2001), which combines the search-theoretic model of innovation and growth from Ko-

rtum (1997) with the multi-country Ricardian trade model of Eaton and Kortum (2002) into a

tractable multi-country model of international trade and growth. To this, I introduce the struc-

ture of innovation and international knowledge flows described above. In this setting, unlike in

Eaton and Kortum (2001), research expenditure varies across countries at different positions in

the world income distribution and with differing trade barriers. I embed this model into a neo-

classical growth framework, as Alvarez and Lucas (2007) do in a static context using the model of

Eaton and Kortum (2002). As a result, the model generates predictions for both nominal and real

GDP, productivity, and international trade flows that are directly comparable with the data and

development accounting exercises based on the neoclassical growth model.

4The model imposes the restriction that relative productivity across each innovative activity – horizonal research,
vertical research, and learning – is the same across countries, so specialization in these activities is not driven by such
exogenous differences.
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To quantify the effects of international trade and knowledge flows on the cross-country dis-

tribution of income, I use data on manufacturing output and bilateral trade flows to estimate

bilateral trade barriers and levels of average research productivity across countries, and I use data

on research and development expenditure to infer the relative productivity of resources across each

type of innovative activity. The parameter values recovered imply that developing a new produc-

tion technique via original research requires a 9% smaller investment, on average, than bringing a

new product to market, while applying foreign research requires an investment 60% smaller than

conducting original vertical research. I then show that the model is able to accurately predict

differences in real income per worker across countries, the shape of the relationship between R&D

expenditures and income per worker in the data, and salient features of the data on product-level

trade flows.

Next, I perform a series of counterfactual experiments designed to demonstrate the effects of

international trade and knowledge flows on the cross-country distribution of income. In the first

set of experiments, I vary the level of trade barriers, considering both a move to a world with no

trade flows and the elimination of all asymmetric trade barriers. When only the static effect of

these changes is considered, the results are similar to Waugh (2010). The elimination of asymmetric

trade barriers, which are estimated to be systematically greater for poorer countries, reduces income

dispersion – measured as the 90/10 ratio of income per worker – by more than half, while the move

to trade autarky has a relatively small effect on cross-country income differences. When the effect

on research incentives is taken into account, the effect is amplified. The reduction in trade barriers

causes the most innovative countries to devote more resources to horizontal research, which benefits

all countries, and the static gains of poorer countries allow them to increase gross expenditure on all

innovative activities. As a result, income differences fall by a further 20%, and total world income

increases by an additional 80%, so that world income more than doubles, overall, in response to

the reduction in trade barriers.

The second set of experiments vary the ease of international knowledge flows. The elimination

of access to knowledge created by foreign vertical research greatly increases expenditure on both

horizontal and vertical innovation, implying a substantial increase in both the number of products

available and the technological frontier for each product, but average productivity falls everywhere

because resources devoted to vertical research produce fewer techniques than if they had been

devoted to learning, especially for countries far from the technological frontier. The result is that

world income falls by half, and income differences increase by 18%. A halving of the cost of learning

causes changes of a similar magnitude in the opposite direction. International trade and knowledge

flows are found to be substitutes in their effects on the distribution of world income. The increase

in total world income from introducing learning is slightly higher in a world without trade than

with the baseline trade costs, and the introduction of learning causes a 29% decrease in the 90/10

ratio of income per worker in a world without trade and only a 16% decrease in a world with

the baseline level of trade costs. Finally, the elimination of access to knowledge of the existence

of products invented abroad is devastating to countries’ incomes, especially for countries that are
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small and relatively unproductive at research. Compared to a setting in which there are already

no trade or vertical knowledge flows, moving to complete isolation entails a further 95% reduction

of world income and a nearly eight-fold increase in income differences, with much greater effects

for the worst affected. While these predictions may seem extreme they are in line with historical

evidence on small, isolated communities, for example the case of Tasmania in Diamond (1997).

While this paper is primarily focused on measuring the contribution of international trade and

knowledge flows to the world income distribution, it also contributes to a large literature going

back to Vernon (1966) on product cycles and technology transfer in international trade and foreign

direct investment. This paper is most related to the strand of literature, going back to Krugman

(1979), devoted to modelling the causes and consequences of product cycles in international trade,

particularly Grossman and Helpman (1991a,b), which develop theories of endogenous product cy-

cles. However, to my knowledge, this is the first paper to develop a quantitative, multi-country

model in which product cycles arise entirely endogenously and not because certain countries are

assumed to have an ex-ante advantage in either innovation or imitation. This paper has less in

common with Antràs (2005), which explicitly models the international frictions that prevent a given

product from being produced with the best technique anywhere in the world. Instead, this paper is

largely complementary in specifying such frictions in a simplified manner – assuming useful vertical

knowledge can only been applied through costly learning by local firms – in order to a develop a

model much more amenable to making quantitative predictions about trade flows and the world

income distribution in a multi-country setting.

The next section develops the model, first detailing the structure of the world economy before

explaining how research expenditures over time determine the distribution of productivity across

products and countries and how this, in turn, determines prices and bilateral trade flows. Section

3 characterizes the general equilibrium, first describing the equilibrium at a point in time given

the history of research expenditures and then characterizing the balanced growth path along which

these expenditures are determined. Section 4 describes the choice of parameters, properties of the

numerically computed equilibrium, and ability of the model to predict salient features of the data.

Section 5 presents the results of the counterfactual experiments, and the final section concludes.

2 Model

Time is continuous. The world economy is made up of N countries. Each consists of a continuum

of workers with mass Li(t) at time t, which grows exogenously and exponentially at the common

rate gL. Each worker is endowed with a single unit of labor which is supplied inelastically.

2.1 Preferences and Final Good Production

A representative household in each country maximizes the expected, discounted future flow of

utility given by

Ui =

∫ ∞
0

e−(r−gL)tci(t)dt, (1)
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where ci(t) is per-capita consumption of the final good, which is non-traded. The final good is

produced using labor and a composite manufactured good according to

Yi(t) = Lfi (t)γQfi (t)1−γ , (2)

where Lfi (t) and Qfi (t) are the respective measures of labor and the composite good devoted to

final good production. In what follows, the time variable is suppressed where there is no ambiguity.

2.2 Intermediate Good Production

The composite manufactured good is produced by combining manufactured intermediate goods

according to a symmetric Spence-Dixit-Stiglitz aggregator. At a point in time, there is a continuum

of such intermediates available, labelled j ∈ [0, J(t)]. Each intermediate good can potentially be

produced by a number of firms in any country, but such varieties of a good are assumed to be

perfect substitutes so that the aggregate output of the composite intermediate good is given by

Qi =

(∫ J(t)

0
(qji )

σ−1
σ dj

) σ
σ−1

, (3)

where qji is the quantity of intermediate j (from all sources) that is used, and σ > 1 is the elasticity

of substitution across intermediates.

Individual intermediate goods are produced using labor and the composite intermediate good

by imperfectly competitive firms that differ in terms of total factor productivity. It is convenient to

rank firms according to their productivity, in which case the kth most productive firm at producing

intermediate product j in country i has the following Cobb-Douglas production function:

xjki = Zjki (Ljki )β(Qjki )1−β. (4)

2.3 Market Structure

The technologies for producing the final good and for combining individual intermediate goods

into the composite good are assumed to be common knowledge, and there are no barriers to

entry. Therefore, both sectors can be characterized by a cost-minimizing representative firm. Thus,

demand for intermediate good j (in value terms) in country n is

Xj
n ≡ pjnqjn =

(
pjn
Pn

)1−σ

Xn, (5)
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where pjn is the lowest price in n of intermediate j, Xn = PnQn is total expenditure on intermediate

goods in n, and Pn is the price of the composite good in n, given by

Pn =

(∫ J(t)

0
(pjn)1−σ

) 1
1−σ

. (6)

Given the value of Pn, the price of the final good in n can be expressed as

P yn = γ̃wγnP
1−γ
n , (7)

where wn is the wage in n, and γ̃ = γ−γ(1− γ)γ−1.5

Producers of individual intermediate goods enjoy proprietary access to their technologies and

engage in Bertrand competition. As a result, only the producer which can deliver its product at the

lowest cost will operate in equilibrium, and, to prevent entry by other firms, will charge a price no

higher than the second-lowest cost of delivering the product. Cost minimization by firms implies

that the kth lowest cost way of producing j in i is

Cjki =
β̃wβi P

1−β
i

Zjki
≡ ci

Zjki
(8)

where β̃ = β−β(1 − β)β−1. This market structure implies that, at most, the costs of the two

lowest-cost firms are relevant in equilibrium.

2.4 International Trade

While the final and composite manufactured goods are assumed to be non-tradable, intermediate

goods can be shipped anywhere in the world subject to trade barriers that take the convenient

“iceberg” form, as in Samuelson (1954), meaning that delivering 1 unit of a good from i to n

requires shipping dni > 1 units. Combined with (8), this implies that the kth lowest cost way of

delivering a unit of j from i to n is

Cjkni =
cidni

Zjki
. (9)

In equilibrium, country n will be served by the firm with the lowest cost of delivering j,

Cj1n = min
i
{Cj1ni},

which will charge a price that is the lesser of the second lowest cost of delivering j and the profit-

maximizing monopoly mark-up over its marginal costs:

pjn = min{Cj2n , m̄Cj1n }, (10)

5In what follows, without loss of generality, I normalize w1 to 1 at every point in time. However, for both clarity
and convenience, I leave the wage term in all expressions for all countries.

7



where m̄ = σ/(σ − 1), and Cj2n = min{Cj2ni∗ ,mini 6=i∗{Cj1ni}}, where i∗ = argmini{C
j1
ni}.

2.5 Research and Development

There is a continuum of potential entrants into the intermediates goods industry. To enter, a firm

must successfully invent a new product or develop a technique for producing an existing product.

To do this, a firm engages in one of three innovative activities, which I term horizontal research,

vertical research, and learning. Horizontal research involves designing a new type of intermediate

input and, when successful, results in an expansion of the measure of available products, J(t).

Vertical research involves searching for new techniques for producing existing intermediates, which

may be more productive than existing techniques. I assume that the existence of a new product

is immediately known throughout the world but that firms are able to prevent competitors in any

country from exactly copying their production techniques. Potential entrants can, however, learn

about the vertical research itself and utilize this information in an attempt to develop a production

technique. This is the third type of innovative activity. The key distinction between vertical

research and learning is that vertical research generates new knowledge that is useful in developing

production techniques, while learning only applies knowledge previously created.

Potential entrants may invest one unit of final output into one of the three types of research

project. I assume that potential entrants differ in terms of the likelihood of success of such an

investment and choose whether to invest sequentially, beginning with the most productive entrant

for each type of activity. If a measure Mx
i of firms in country i invest in innovative activity of type

x ∈ h, v, ` – which correspond to horizontal research, vertical research, and learning, respectively –

the probability of success of the marginal firm’s project is

λαxi (Mx
i )λ−1, (11)

where λ < 1.6 This implies that the aggregate flow of successful projects of type x in i at time t is

Rxi (t) = αxi (sxi (t)Yi(t))
λ, (12)

where sxi (t) is the share of final output devoted to the an innovative activity.

I further assume that αxi = αiα
x. Under this assumption, αx reflects the relative productivity

of a unit of output in each innovative activity – which is plausibly constant across countries – and

αi reflects any country-specific characteristics that influence the returns to all types of innovative

activity, such as the endowment of human capital, as in Benhabib and Spiegel (1994), or policies

that promote or create barriers to innovation or learning about foreign technology, as in Parente

and Prescott (2002). Maintaining this assumption has the advantage of both greatly reducing the

number of parameters that must be chosen in the quantitative analysis that follows and introducing

6This specification arises if the distribution of productivity of potential entrants for each type of research is Pareto
with shape parameter 1/(1− λ) and lower bound proportional to αxi (Mx

i )1−λ. Thus, a greater value of αxi shifts the
entire productivity distribution to the right, while an increase in Mx

i shifts the distribution to the left by appending
less productive entrants.
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a degree of discipline to the model by ensuring that specialization across countries into different

types of innovation is not driven by exogenous differences in relative productivity across these

activities but must arise endogenously in general equilibrium.

In equilibrium, free entry will drive the expected payoff of conducting R&D to zero, which

implies the following conditions:

λαri (sxi (t)Yi(t))
λ−1 V x

i (t) = P yi (t), ∀i, x, (13)

where V x
i (t) is the present value of expected future profits resulting from a project of type x, to be

determined below.

2.5.1 Horizontal Innovation

The aggregate rate at which new intermediate inputs are invented by researchers in i is simply the

flow of successful type h projects, thus

J̇i(t) = Rhi (t).

This implies that the total measure of intermediates available in the world grows at rate

J̇(t) =
∑
i

Rhi (t). (14)

2.5.2 Vertical Innovation

I assume that vertical research is undirected, so a new technique is equally likely to apply to any

existing product. Thus, the aggregate arrival rate of new production techniques for a given product

is

Ṫ vji (t) =
Rvi (t)

J(t)
. (15)

I also assume that the inventor of a new product receives an expected value of one technique for

producing it at the time of invention, which implies that the expected stock of techniques available

in i for producing j at the time of its invention, tj , is

T vji (tj) = 1imj , (16)

where mj is the country in which j was invented, and 1imj is the indicator function which is equal

to 1 if i is equal to mj .7

7Allowing the number of techniques that arrive with a new invention to be uncertain greatly simplifies the analysis
that follows. One can think of the process of invention as involving simultaneous horizontal and vertical research.
The vertical research may yield more than one useable technique before the design of the product is entirely complete,
or knowledge of the product may leak into the public sphere before a production technique can be implemented.
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2.5.3 Learning

I assume that learning is also undirected, which implies that the probability that a potential entrant

learns about research pertaining to a particular product is proportional to the share of the total

world stock of accumulated vertical research which pertains to that product. I further assume that

only research that has yet to be applied in a given country is useable.8 Thus, the aggregate arrival

rate of techniques for a given product is given by

Ṫ `ji (t) = R`i(t)
T jw(t)− T vji (t)

Tw(t)
, (17)

where T jw(t) =
∑

i T
vj
i (t) is the worldwide stock of original research into techniques for producing

product j, and Tw(t) =
∫ J(t)

0 T jw(t)dj is the total world stock of original research applying to all

products.

Combining (15) and (17), the arrival rate of techniques for a given product via any activity by

researchers in i is

Ṫ ji (t) = Ṫ vji (t) + Ṫ lji (t). (18)

This law of motion for the number of techniques available in a given country resembles that for

productivity in Vandenbussche et al. (2006) in that the local technology frontier increases both

through domestic innovation and through learning – in their terminology, adoption or imitation

– where the strength of the latter is increasing in a country’s distance to the world technological

frontier.9

Equation (18) together with the initial condition for T vji , equation (16), implies that, at a given

point in time, the number of techniques available in i for producing j is a Poisson random variable

with parameter

T ji (t) = 1imj +

∫ t

tj
Ṫ ji (s)ds. (19)

2.6 Productivity

The productivity associated with a particular production process for a given product is the real-

ization of a Pareto random variable, with shape parameter θ > 0.10 I show in Appendix D that

this implies that the joint distribution of the highest and second-highest levels of productivity for

producing product j in i is given by

F ji (z1, z2) = Pr
(
Zj1i < z1, Z

j2
i < z2

)
=
[
1 + T ji (z−θ2 − z

−θ
1 )
]

exp
{
−T ji z

−θ
2

}
. (20)

8Under the assumption of Bertrand competition, this is equivalent to assuming that a common piece of research
leads to production techniques with the same level of productivity for producers in the same country but could lead to
a technique with a different level of productivity when applied in another country. French (2013) considers the more
complicated case in which the productivity of techniques developed from the same original research is imperfectly
correlated both within and across countries.

9The law of motion for productivity in Vandenbussche et al. (2006) is based on similar specifications explored in
Benhabib and Spiegel (1994) and Acemoglu et al. (2006).

10That is, Pr(Z > z) = (z/z)−θ for z ∈ (z,∞).
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This is a product-level analogue of the distribution detailed in Bernard et al. (2003), which is

a two-variable generalization of the Fréchet (type-II extreme value) distribution used in Eaton

and Kortum (2002).11 The parameter T ji governs the expected level of productivity with which

j is produced in i, while θ governs the degree of dispersion in product-level productivity, with

higher values of θ implying lower variance. In other words, the average level of T ji across products

determines i’s overall absolute advantage, variation in T ji across products governs i’s deterministic

pattern of comparative advantage due to its history of research, and θ determines the degree of

comparative advantage across countries due to idiosyncratic productivity differences.

2.7 Prices and Trade Flows

Given expressions for demand for intermediate inputs (5), the costs of delivering a given product to

a given destination (9), the price that will be charged for this product (10), and the distribution of

productivity across products and source countries (20), the following results can be derived, which

will allow the complete characterization of prices and bilateral trade flows.

1. The joint distribution of the lowest and second-lowest cost of delivering j to n from anywhere

in the world is characterized by the following complementary cdf:

G̃jn(c1, c2) = Pr(Cj1n > c1, C
j2
n > c2) =

[
1 + Φj

n(cθ2 − cθ1)
]

exp
{
−Φj

nc
θ
2

}
,

where Φj
n =

∑
i T

j
i (cidni)

−θ.

2. The probability that country i is the lowest-cost source of product j for country n is

πjni =
T ji (cidni)

−θ

Φj
n

. (21)

3. The joint distribution of the lowest and second-lowest cost of delivering j to n, conditional

on the low-cost seller being from i, is also given by G̃jn(c1, c2). Thus, the costs of products

that i actually sells in n are identically distributed for all countries, with lower-cost sources

selling more products on average.

4. The distribution of the ratio Cj2n /C
j1
n is

Pr
(
C2
nj/C

j1
n < m

)
= 1−m−θ,

and the distribution of the markup in any destination is independent of the identity of the

product or the location of the low-cost producer.

11The marginal distribution of z1, obtained by replacing z2 with z1 in (20) is F ji (z1) = exp{−T ji z
−θ
1 }, which is the

product-level analogue of equation (4) in Eaton and Kortum (2002).
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5. The price index for the composite intermediate good in n, defined by (6), is

Pn = γ̂Φ
−1
θ

n , (22)

where

Φn =

(∫ J

0
(Φj

n)
σ−1
θ dj

) θ
σ−1

,

given that θ > σ − 1.12 The parameter γ̂ is a collection of constants.13

6. The expected value of nominal expenditure by n on product j, given by (5), relative to total

expenditure on intermediates is

E[Xj
n]

Xn
=

(
Φj
n

Φn

)σ−1
θ

. (23)

7. Expected profit of a firm from selling in n, conditional on being the low-cost provider of a

given product, is a constant share, 1/(1+θ), of expected sales. This share is thus independent

of the identity of the destination, the identity of the product, and the location of the low-cost

provider.

Proofs of these results are given in Appendix D. An immediate implication of results 2, 3, and

6 is that the expected value of sales of product j to destination n from source i is given by

E[Xj
ni] =

T ji (cidni)
−θ

Φj
n

(
Φj
n

Φn

)σ−1
θ

Xn. (24)

Understanding the role of Φj
n in this expression provides a great deal of intuition about the

effect of research activity on trade flows and income. This parameter summarizes the amount of

research and learning that pertains to j that has accumulated worldwide, weighted by the costs

of producing a good in each source and delivering it to n. From equation (21), we can see that,

given the costs of production and stock of research pertaining to j in i, a greater value of Φj
n

implies a lower probability that the low-cost provider of j to n is in i. From (23), we can see that

Φj
n also plays another role. A higher value of Φj

n implies that, in expectation, a greater share of

expenditure in n is devoted to j. This is because a higher value of Φj
n implies that the price of j

12This assumption is required for Pn to be well defined. This is because, if intermediate inputs are sufficiently sub-
stitutable (high σ), and the dispersion of productivity is sufficiently great (small θ), then producers of the composite
intermediate will concentrate expenditure on a small set of products with prices arbitrarily close to zero.

13Specifically, γ̂ =
[
Γ
(
2θ+1−σ

θ

) (
1 + σ−1

θ−(σ−1)
m̄
)] 1

1−σ
, where Γ(·) is the gamma function. Note that γ is used

elsewhere in this paper for other purposes. Also, note that, because Φjn is a function of the full set of intermediate
price indexes, these price indexes are only implicitly defined by (22). Alvarez and Lucas (2007) show that this system
has a unique solution.
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in n is expected to be lower – with θ governing the elasticity of this effect because a higher value

of θ implies less variation in productivity draws, meaning that it takes more draws, on average, to

produce a given fall in the realized lowest cost. The lower expected price then translates to higher

expected expenditure with elasticity σ− 1. Thus, there are two opposing effects of Φj
n on expected

sales.

Since it must be the case that θ > σ − 1 in order for Pn to be well-defined, the former effect

dominates. Thus, sales by firms in i of a particular product will tend to be greater the lower is

the stock of research pertaining to the product that has accumulated in other countries as well as

the greater the degree to which the research stock is concentrated in countries with high costs of

production and transportation.

2.7.1 Aggregate Trade Flows

By integrating (24) over j, we arrive at an expression for the share of expenditure by n on products

purchased from i:

πni ≡
Xni

Xn
= T̃ni

Ti(cidni)
−θ

Φn
, (25)

where

Ti =

(∫ J(t)

0

(
T ji

)σ−1
θ
dj

) θ
σ−1

, (26)

and

T̃ni =

∫ J(t)

0

T ji
Ti

(
Φj
n

Φn

) (σ−1)
θ −1

dj. (27)

The model of Eaton and Kortum (2002) yields a similar expression to (25), except that the latter

includes the term T̃ni. While Ti is an index of the total number of techniques across all products

that are available in i, T̃ni summarizes the effect on trade flows of the interaction of the distribution

of these techniques in i across products with the distributions of the other countries of the world.

If techniques were distributed uniformly across all products, then T̃ni would disappear from (25).

In general, however, (27) shows that a country will tend to sell more if its products in a given

destination if its production techniques tend to be concentrated in products for which Φj
n is smaller.

In other words, a country will tend to export more if its stock of research tends to pertain to a

relatively unique set of products.

2.7.2 Equilibrium Wages

Expression (25) can be manipulated to give a useful expression for the real value of wages (in terms

of the composite intermediate good):

wi
Pi

=

(
Ti
πii

) 1
βθ

T̃
1
βθ

ii . (28)
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While this is not a solution to the general equilibrium, as πii is an endogenous variable, it is

informative as to how countries’ histories of research determine the world distribution of income

as well as the gains from trade. The first term is typical of trade models based on Eaton and

Kortum (2002). It demonstrates that real wages are greater for countries that are more productive

on average – i.e. have a greater absolute advantage – and for countries that trade a greater share

of their production, which allows them to specialize in a narrower set of products for which they

are relatively more productive.

However, there are two key differences between the way in which technology and trade barriers

influence the world income distribution in this model compared with a standard Eaton-Kortum

framework. The first can be seen in (26). Average productivity, or absolute advantage, is governed

by Ti, which in this model is a CES aggregate of the product-level technology parameters. Since

θ > σ− 1, average productivity is maximized when the expected number of techniques is equalized

across products. This is implicitly assumed to be the case in Eaton and Kortum (2002) but will

not be so in general in this model, where the distribution of techniques across products depends on

the relative expenditure on different types of research around the world over time.

The second key difference is evident in the presence of the term T̃ii, which implies that real wages

are higher for countries whose production techniques tend to apply to a unique set of products.

This is because intermediate products are imperfect substitutes and thus are more valuable in

production the less available they are. So, as in Krugman (1979), the factors of production in a

country that can produce a unique set of products can extract a share of the surplus generated

by their availability in other countries. This expression also demonstrates that, unlike the class

of models detailed in Arkolakis et al. (2012), the home trade share is not a sufficient statistic to

measure the gains from trade. In autarky, Φj
i is proportional to T ji , and thus T̃ii = 1. However, as

long as techniques are not identically distributed across products for all countries, T̃ii, will increase

as trade barriers are lowered.

2.8 The Value of a Technique

Result 7 above implies that the expected profit for all producers in i from product j is simply a

constant share, 1/(1+θ), of expected sales, given by (24). Because the productivity of any producer

is independent of when the production technique arrived or to what good it applies, the probability

that any particular producer of a given product is the low-cost producer in i is simply the inverse of

the expected number of techniques available in i. This implies that, at time t, the expected profit

flow to any potential producer of j in i, unconditional on the productivity of the producer, is

Πj
i (t) =

1

1 + θ

∑
n

(ci(t)dni)
−θ

Φj
n(t)

(
Φj
n(t)

Φn(t)

)σ−1
θ

Xn(t). (29)

Thus, the expected discounted present value of future profits (at time t prices) from t onward
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based on a technique for producing j in i is

V j
i (t) = P yi (t)

∫ ∞
0

e−rs
Πj
i (t+ s)

P yi (t+ s)
ds, (30)

where r is the interest rate.

3 Equilibrium

I characterize the infinite-horizon world equilibrium in two parts. First, I define a static interna-

tional trade equilibrium at a point in time, where the technology parameters, J(t) and {T ji (t)},
and the share of the labor force in each country engaged in production are taken as given. Then, I

construct a balanced growth path equilibrium in which the world economy is in static equilibrium

at every point in time, and the labor shares devoted to the three types of research are constant

over time.

3.1 Instantaneous Market Clearing

A static international trade equilibrium is a wage vector {wi} such that, given J(t), {T ji (t)}, and

{sxi (t)}, producers of the final good, the composite manufactured good, and individual intermediate

goods minimize their per-unit costs subject to (2), (3), and (4), respectively (implying respective

costs given by (7), (6), and (8)); aggregate bilateral trade flows are given by (25); and the following

conditions are met:

1. Household budget constraint:

P yi ci(t) = wi +
1

Li

[∑
n

πni
Xn

1 + θ
− P yi Yi

∑
x

sxi

]
.

2. Aggregate resource constraint:

Yi

(
1−

∑
x

sxi

)
= Lici, ∀i.

3. Composite manufactured good market clearing:

Qfi +

∫ J(t)

0
Qjidj = Qi, ∀i.

4. Labor market clearing:

Lfi +

∫ J(t)

0
Ljidj = Li, ∀i.

15



5. Balanced trade:

Xi =
∑
n

πniXn, ∀i.

The term in brackets in the household budget constraint is aggregate profits net of research

costs, which uses result 7, above, to express aggregate gross profit as a constant share of aggregate

intermediate good sales. The first three conditions and the constant expenditure shares on final

and composite manufactured goods that obtain from firm optimization imply that labor income

makes up a constant share, (γ+βθ)/((1−γ)(1+θ)), of expenditure on the composite intermediate.

Applying this result to the balanced trade condition implies that, in equilibrium,

wiLi =
∑
n

πniwnLn, ∀i. (31)

Alvarez and Lucas (2007) show that (31) defines a contraction mapping on {wi}, and thus there

exists a unique static international trade equilibrium.

3.2 Balanced Growth

The values of the set of the technology parameters, J(t) and {T ji (t)}, at every point in time are

determined by the history of labor shares devoted to each type of innovative activity in each country.

A balanced growth path equilibrium is a set of labor shares, {sxi }, for each country and innovative

activity which are constant over time, and for which (a) J(t) is consistent with (14); (b) {T ji (t)}
are given by (19); (c) at every point in time, given J(t) and {T ji (t)}, the set of wages, {wi}, is

consistent with (31); and (d) at every point in time, the free entry conditions (13) are satisfied. In

what follows, the time variable is omitted where ratios are constant over time.

3.3 Technology Along the Balanced Growth Path

Along the balanced growth path, it must be the case that final output in every country grows at a

constant rate, gY . Equation (14) then implies that J(t) also grows at a constant rate, gJ = λgY ,

and that
J

(Y )λ
=
Rh

gJ
, (32)

where Rh =
∑

i α
h
i

(
sji
Yi
Y

)λ
and Y (t) =

∑
i Yi(t). Combining this result with (15) implies that

Ṫ vji (t) = gJ
Rvi∑
iR

h
≡ κvi ,

which further implies that

T vji (t) = Timj (a
j) = 1imj + κvi a

j ,
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where aj = t− tj is the amount of time since j was invented – i.e., the age of j – and

T jw(t) = Tw(aj) = 1 + κ̄vaj ,

where κ̄v =
∑

i κ
v
i . Thus, at every point in time, the stock of original research that applies to a

product is simply a function of its age and the country in which it was invented.

Combining all of this with (18) defines the law of motion for T ji as a differential equation in the

product’s age, a, and country of origin, m, given by

Ṫim(a) = κvi + κli(Tw(a)− Tim(a)),

where κ`i = gJ
R`i∑

i(R
h
i +Rvi )

, with initial condition given by (16), which has the following solution:

Tim(a) = Tw(a)− (1− 1im)e−κ
`
ia − κ̄− κvi

κ`i
(1− e−κ`ia). (33)

Because J(t) grows at a constant rate, the share of products that are of age a at any point

in time is constant and given by an exponential distribution with parameter gJ , and the stock of

products that were invented in each country is also a constant share of J(t), given by ηi =
Rhi∑
iR

h
i

.

Thus, the probability that any given product is of age a and was invented in m is given by

f(a,m) = ηmgJe
−gJa. (34)

Equations (33) and (34) fully characterize the distribution of research that has been applied

across all countries and products at a point along the balanced growth path. The world stock of

original research which applies to a particular product simply increases linearly over time with a

slope equal to the total flow of world vertical research relative to the measure of products. The

amount of research, both original and learned, that has been applied in country i lies below this

frontier. The second term in (33) captures the initial advantage that the inventor of a product

receives, which erodes over time as researchers in other countries learn about the production tech-

niques developed by the inventor. The third term measures the the amount of original vertical

research done outside a country that has not yet been learned by researchers there. This term

grows over time as the world frontier expands, but it grows more slowly than the frontier – reflect-

ing the distance-to-the-frontier property of learning – meaning that the share of worldwide original

research that has been applied in i grows through learning as a product ages. The production of

original vertical research increases both the stocks of domestic and worldwide original research, so

this effect is subsumed in Tw(a).

3.4 Equilibrium Growth Rates

Applying the results from the previous section to (31) implies that relative wages across countries

are constant over time, so, choosing w1 as the numeraire, from (22) it is straightforward to show
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that the price of the of the composite intermediate good in n can be expressed as

Pn(t) = J(t)
−1

β(σ−1)Pn (35)

where

• Pn = γ̂Φ
− 1
θ

n ,

• Φn =

(∑
m

∫∞
0 Φnm(a)

σ−1
θ f(a,m) da

) θ
σ−1

,

• Φnm(a) =
∑

i(cidni)
−θTim(a), and

• ci = β̃wβi P
1−β
i .

Substituting (35) into (7) makes clear that the price of final goods in every country falls at a

constant rate given by

gc ≡ −
Ṗ yi
P yi

=
1− γ

β(σ − 1)
gJ , ∀i, (36)

which is also the growth rate of per-capita final output and consumption since nominal income per

worker (relative to w1) is constant along the balanced growth path. Since gY = gc+gL, this implies

that

gJ =
λ

1− λ 1−γ
β(σ−1)

gL,

given that λ 1−γ
β(σ−1) < 1.14

3.5 Equilibrium Research

From, (25), (29), and (35), it is straightforward to show that, along the balanced growth path, the

ratio of expected profit derived from a given technique to total profit per product is stationary and

given by

Πim(a)

Πi/J
=

1

Ti

∑
n

1

T̃ni

Xni

Xi

(
Φnm(a)

Φn

)σ−1
θ −1

, (37)

where Ti and T̃ni are the stationary values of their counterparts defined by (26) and (27), respec-

tively, given by

Ti =

(∑
m

∫ ∞
0

Tim(a)
σ−1
θ f(a,m) da

) θ
σ−1

14Otherwise, as in other models of “semi-endogenous” growth, such as Jones (1995), Kortum (1997), and Segerstrom
(1998), with population growth, the growth rate increases over time. I have chosen a model of this form purely for
simplicity as this paper is primarily concerned with the cross-country distribution of income along the balanced growth
path, not its growth rate. In a related framework in which the R&D production function admits fully endogenous
growth, Howitt (2000) shows that, as in this paper, countries grow at the same constant rate in the long run, and
differences in R&D output result in differences in relative income per worker.
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and

T̃ni =
∑
m

∫ ∞
o

Tim(a)

Ti

(
Φnm(a)

Φn

)σ−1
θ
−1

f(a,m) da.

This result, along with (32), implies that, along the balanced growth path, (30) can be rewritten

as

Vim(a, t) =
1− γ
1 + βθ

gJ
Rh

(
Yi
Y

)λ
P yi (t)Yi(t)

1−λVim(a), (38)

where

Vim(a) =

∫ ∞
t

e−νs
Πim(a+ s)

Πi/J
ds,

and ν = r−(1−λ)gY .15 To understand equation (38), note that it simply decomposes the expected

value of a given production technique at a point along the balanced growth path into the product

of the ratio of total profit to GDP, GDP per product, and the discounted expected value of future

profit flows from the technique relative to total profit per product, where the appropriate discount

rate takes into account that sales per product (in period t prices) grows over time.

The form of (38) implies that the expected value of obtaining a production technique through

one of the three types of research activity can be expressed as

V x
i (t) =

1− γ
1 + βθ

gJ
Rh

(
Yi
Y

)λ
P yi (t)Yi(t)

1−λV x
i .

The stationary components of these expressions are given by the following:

V h
i = Vii(0),

V v
i =

∑
m

∫ ∞
0

Vim(a)f(a,m) da, (39)

V `
i =

∑
m

∫ ∞
0

Vim(a)
Tw(a)− Tim(a)

Tw/J
f(a,m) da.

The first of these expression is the most straightforward. The value of inventing a new product is

equal to the flow of profit of a product of age 0 that was invented in the country of the producer.

Because vertical innovation is undirected, the expected value of a new technique resulting from

vertical innovation is simply the expected value of Vim(a) evaluated over the joint probability

distribution of a and m. The value of a technique acquired through learning is similar, except that,

from (17), the probability of obtaining a useable technique that applies to a particular product is

proportional to the world stock of original research pertaining to the product that has not yet been

utilized in i.

These results imply that, along a balanced growth path, the free entry conditions (13) are given

15The static equilibrium conditions imply that Πi/P
y
i Yi = (1− γ)/(1 + βθ).
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by

1− γ
1 + βθ

gY
Rh

αxi (sxi )λ−1

(
Yi
Y

)λ
V x
i = 1, ∀i, x. (40)

These conditions define the equilibrium values of {sxi } along the balanced growth path.16

3.6 Innovation Incentives

Before solving for the balanced growth path equilibrium numerically, it is useful to gain some

intuition into the forces that drive countries’ innovation decisions and shape the world income

distribution. A country in this model is defined by its population size, Li(t), its level of productivity

in research of all types, αi, and its barriers to trade with the other countries of the world, dni.

Considering a few special cases will help make clear how each affect the decisions of potential

entrants.

3.6.1 A Country in Isolation

First, consider the case in which a country is completely isolated from the rest or world, and note

that this is equivalent to a case in which the value of either αi or Li, relative to other countries’

values, becomes arbitrarily large. In this case, trade flows (relative to sales in i) are equal to zero,

and Tw(a) = Tii(a), so learning is not profitable for entrants in i. Equation (37) reduces to

Πim(a)

Πi/J
=
Tim(a)

σ−1
θ −1

T
σ−1
θ

i

.

With probability 1, a given product was invented in i, so only the case in which m = i is relevant

here, and κvi = αv(svi )
λ/αh(shi )λ – which implies that both Tii(a) and Ti, and thus V v

i , are inde-

pendent of both αi and Li. Also, in this case, Yi = Y , and Rh is proportional to αi. Together,

through (40), this implies that shi and svi are independent of αi and Li, and s`i = 0. Intuitively, a

greater value of αi or Li increases the return to research by, respectively, increasing the likelihood

of success of research or the size of the market for a new product or technique. However, it also

implies a greater number of products and techniques with which a potential entrant would compete

for revenue. When a country is large or isolated, the number of products increases by exactly as

much as the probability of research success or aggregate expenditure in intermediate goods, keeping

the number of techniques per product constant. Thus, the two forces exactly offset, and αi and

Li have no effect on equilibrium research shares. This result does not depend on the values of dni

or α`, reflecting the fact that international flows of goods and ideas are relatively unimportant for

countries that can produce relatively large amounts of research.

16While this does not constitute a proof of the existence and uniqueness of a balanced growth path equilibrium,
in practice, for many sets of parameter values, it was always possible to find an equilibrium computationally, and a
wide variety of starting values of the endogenous variables always led to the same equilibrium. In fact, (40) appears
to implicitly define a contraction mapping on {sxi }.
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3.6.2 Access to Foreign Product Knowledge

In general, however, access to foreign products and ideas is important in determining innovation

expenditure in a given country. To see how access to the knowledge of the existence of products

that were invented abroad matters, consider a country for which αi or Li is infinitely small relative

to other countries in a world in which dni = ∞ for all n 6= i and α` = 0 so that, as above, there

are no trade flows and no learning about vertical research. In this case, a measure zero share of

products were invented in i, κvi is proportional to αi(
Yi
Y )λ, and Πim(a)/(Πi/J), where m 6= i, and

thus V v
i is inversely proportional to the same term for all a. On the other hand, Πii(0)/Πi, which

determines the value of horizontal research, is inversely proportional to (αi(
Yi
Y )λ)(σ−1)/θ. Thus, a

marginal increase in αi or Li increases the value of horizontal relative to vertical research.

Intuitively, a small country does not affect the measure of products available in equilibrium,

so a proportional increase in αi or Li increases the number of techniques per product in i. The

increased likelihood of research success or market size is exactly offset by the fall in the probability

of being the low-cost producer for a technique to produce a randomly drawn product. For a newly

invented product, however, the producer is guaranteed to be the low-cost producer, and because

products are imperfect substitutes, the increase in probability of research success or market size

is only partially offset by the shift in expenditure toward other products, for which the expected

price is lower.

3.6.3 Access to Trade

To see how access to foreign goods markets affects research incentives, suppose that in the previous

case, dni = 1, so that trade is frictionless. In this case, Φnm(a) = Φm(a), for all n, and

Πim(a)

Πi/J
=

Φm(a)
σ−1
θ −1

T̂i
,

where T̂i =
∑

m

∫∞
0 Tim(a)Φm(a)

σ−1
θ
−1f(a,m) da. Since Φm(a), for m 6= i, is negligibly affected by

αi and Li, this expression is inversely proportional to αi(
Yi
Y )λ for all a, and thus so is V v

i . However,

for a newly invented product,

Πii(0)

Πi
=
c
−(σ−1)
i

T̂ic
−θ
i

.

Since under free trade, ci is proportional to wi, horizontal innovation becomes relatively more

profitable for higher wage countries. From (28), the wage in country i under free trade can be

expressed as

wi
P

=

(
T̂i
Li

) 1
1+βθ

,

which implies that wi is increasing in αi(Yi/Y )λ/Li. This means that the relative returns to

horizontal research are increasing in αi and decreasing in Li.
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As in the previous case, a proportional increase in αi or Li increases the number of techniques

per product in i. With trade, it is worldwide expenditure on a product that matters for expected

profits, and because i is small relative to the rest of the world, a proportional increase the number

of techniques in i has no effect on the expected level of expenditure on products for which the rest

of the world has accumulated techniques, and only leads to a relative increase in the the probability

that the low-cost producer is from i. Thus, expected expenditure per product, and thus the returns

to vertical research, are unaffected by marginal changes in αi or Li. For a product that has just

been invented in i, however, the inventor is guaranteed to be the low-cost producer and is “large”

relative to the market for that product. As a result, expected profits depend on local production

costs, which determine relative expenditure on the product through the demand elasticity, σ − 1.

An increase in αi increases the probability of successfully inventing a product, but also leads to an

increase in demand for labor in i and, in turn, wages. Because θ > σ−1, the net effect on expected

profits is positive. To understand why, first note that, in aggregate, the net effect on profits per

technique of an increase in αi, including the effect on wages, is zero. Second, for all but a measure

zero set of products, which were invented in i, wages only affect the probability that the low-cost

producer is in i, with an elasticity given by θ. Thus, the effect of a change in αi on expected profits,

in the absence of the effect on wages, is equal the effect of wages, with an elasticity of θ. So, the net

effect for the inventor of a product depends on the change in wages with an elasticity of θ− (σ−1).

3.6.4 Access to Foreign Vertical Research

To understand how the returns to learning depend on country characteristics, note that the value

of a technique obtained through learning is very similar to that from vertical research, with two

key differences. First, because the world technological frontier grows over time, techniques from

learning will tend to apply to older products, and second, the likelihood that a technique is useable

is increasing in a country’s average distance to the technological frontier. The similarity means

that αi and Li have a similar effect on the returns to learning as on the returns to vertical research,

and both differences amplify this effect. The fact that techniques obtained through learning apply

to older products means that an increase in techniques per product in a small country due to an

increase in αi or Li will decrease the return to learning to a greater extent than it will vertical

research. And, a country’s distance to the technological frontier for every product is mechanically

decreasing in αi and Li. Thus, countries with larger relative values of αi and Li devote a smaller

share of output to learning.

The existence of learning also affects the returns to the other innovative activities. Learning,

like vertical research, increases the number of techniques available per product in each country,

and because the arrival rate of new techniques is proportional to the world technological frontier,

it further skews the distribution of techniques toward older products. This implies that an increase

in s`i decreases the expected return to all three innovative activities, but that it affects the return

to vertical research, which applies to older products, by more than it does the return to horizontal

research. Further, with finite trade barriers, increased learning in one country affects research
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incentives in all countries.

This is clear from (37), where the profit flow from a given technique at a point in time is

decreasing in Φnm(a) with an elasticity of (σ − 1)/θ − 1. The existence of learning implies that

Φnm(a) grows faster over time by increasing the number of techniques available in every country

but also by increasing the relative number of techniques in lower-wage countries. This decreases

expected profit flows from techniques applying to older products. The magnitude of this effect is

smaller the greater is σ and smaller is θ because a larger value of (σ − 1)/θ implies that relatively

more expenditure is devoted to products for which Φnm(a) is relatively large, since a larger value

of σ implies that products are relatively more substitutable, and a smaller value of θ implies that

an additional technique is more likely to lead to a lower cost of producing a product.

3.6.5 Trade Barriers

Finally, to see the effect of the level of trade barriers, and not simply the discrete jump from autarky

to free trade, on research incentives, consider how a proportional global decrease in all trade costs

would affect expected profit flows derived from a technique. To do this, write dni = d̄nid for all

n 6= i, and consider the partial elasticity of Πim(a) with respect to d (holding Xn constant), which

is given by

∂ ln Πim(a)

∂ ln d
= θX̂iim(a)−

∑
n

X̂nim(a) [θπnnm(a) + (σ − 1)(πnn − πnnm(a))] ,

where X̂nim(a) = E[Xnim(a)]/
∑

nE[Xnim(a)] is the share of expected sales (and profits) for a

given product that come from sales in n. This expression illustrates the opposing forces of trade

costs on firms’ profits: higher costs of reaching foreign markets and a decrease in competition in the

domestic market from foreign firms. The first term represents the increase in the likelihood that

a firm becomes the low-cost provider to the home market due to the increased costs of importing.

The first term in brackets represents the fall in this probability in foreign markets as it becomes

relatively cheaper for consumers there to buy from local firms, and the second term in brackets

represents the shift in expenditure in every market toward products for which local firms have a

comparative advantage.

To see how research incentives are influenced, consider this elasticity for the special case of a

product newly invented in i, given by

∂ ln Πii(0)

∂ ln d
= (σ − 1)X̂iii(0)− (σ − 1)

∑
n

X̂niiπnn.

Notice that the terms multiplied by θ have cancelled out. This is because a producer of a newly

invented product has no direct competitors worldwide – i.e. πnii(0) = 1. This means that trade

barriers only affect a firm’s expected profits through the reallocation of expenditure in each market

toward the products in which local firms have a comparative advantage. Notice that, because

X̂nii(0) ≥ X̂nii(a), X̂iii(0) ≤ X̂iii(a), and all terms that disappear from the general elasticity
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formula are negative, in general ∂Πii(0)/∂d ≤ ∂Πim(a)/∂d. Thus, a rise in trade barriers makes

horizontal research relatively less profitable.

3.6.6 Summary

All together, this implies that a greater value of αi or Li relative to the rest of the world implies

that a country will devote relatively less of its output to learning and more to horizontal research.

In the absence of learning, it also implies a smaller share devoted to vertical research. However,

the returns to learning fall more rapidly than the returns to vertical research as these parameters

increase, so it is possible for this relationship to be reversed when researchers can choose among all

three research activities. Access to international trade increases the relative return to horizontal

research in higher wage countries, which implies that relative expenditure on horizontal research

is increasing in αi and decreasing in Li as trade barriers fall. And, in the absence of prohibitive

trade barriers, greater worldwide expenditure on learning implies a lower return to vertical relative

to horizontal research, meaning that a greater level of worldwide learning leads to less expenditure

on vertical research both in absolute terms and relative to horizontal research.

3.7 The Equilibrium Cross-Country Income Distribution

To see how income per worker in a given country is affected by these forces, note that, based on

(28), along the balanced growth path, income per worker can be expressed as

Yi(t)

Li(t)
=

(
Ti
πii

) 1−γ
βθ

T̃
1−γ
βθ

ii J(t)
1−γ

β(σ−1) (41)

where

J(t) =

(
Rh

gJ

) gY
gL

[∑
i

(
Ti
πii

) 1−γ
βθ

T̃
1−γ
βθ

ii Li(t)

] gJ
gL

.

GDP per worker – which, in this model is equivalent to measured TFP – can broken down into

three terms.17 The first two terms are the stationary counterparts of the those in (28), and the

third term makes up the dynamic component of GDP growth.

As discussed in Section 2.7.2, Ti determines average productivity across all products and is

increasing in the average number of techniques per product in i and the degree to which these

techniques are evenly distributed across products. A lower home trade share increases measured

productivity by allowing a country to specialize in the products for which it is relatively more

productive. And, a higher value of T̃ii reflects the additional surplus that producers in i obtain

from the ability to provide products for which there are few competing techniques in other countries.

The third term summarizes the benefits to all countries in the world from access to a larger

measure of intermediate inputs, holding constant the distribution of techniques across products.

The expression for J(t) shows that this effect can be further broken down into the effect of the

17Constant terms are suppressed in this expression.
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Table 1: Baseline Parameter Values

Symbol Value Target

r 0.07 Rate of return on equity
gL 0.015 World population growth rate
γ 0.33 Ratio of labor compensation to gross output in non-tradable sectors
β 0.24 Ratio of labor compensation to gross output in manufacturing
σ 4.3 GDP per capita growth rate
θ 4.1 Trade cost elasticity
λ 0.69 Average R&D expenditure
α` 2.69 Average R&D expenditure among G5 countries
αh 0.88 Relative number of firms engaged in product innovation

worldwide share of resources that are devoted to horizontal research, which determines the measure

of products per worker, and a term related to the stationary component of total world output. This

final term arises due to the fact that final output is used in research, which implies that any change

that increases world output for a given measure of products is amplified by indirectly increasing

gross research output, given the shares of output devoted to research.

4 Quantitative Analysis

This section presents the properties of the general equilibrium of the model along its balanced

growth path. The first part of this section discusses the choice of exogenous parameter values.

The second presents the model’s quantitative predictions for cross-country income levels, research

expenditure, and product-level trade flows and compares these predictions to available data. The

third section presents the results of several counterfactual experiments designed to measure the

contribution of the access to foreign goods and technologies to research incentives and the world

distribution of income.

4.1 Parameter Values

Table (1) lists the values of all the parameters that are common across countries. I set the real

interest rate, r, to 7%, approximately the value of the long-run average real return on equity found

in Mehra and Prescott (1985) and somewhat above typical estimates of the risk-free rate, as it

determines the annual return to R&D expenditure. I set the population growth rate to 1.5%,

which is approximately the average annual growth rate of the world population from 1985 through

2005 as reported in the Penn World Tables. The labor endowments are taken from the Penn World

Tables. The remaining parameters, described below, are chosen so that the model is consistent

with salient features of the data. The data are compiled from multiple sources. All data are from

2006 where available. Details are in Appendix B.
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4.1.1 Factor Shares

The parameters of the Cobb-Douglas production functions for final and intermediate goods, γ

and β, respectively, determine the share of expenditure on labor and the composite manufactured

good by producers in each sector. Therefore, I use data on the the share of labor compensation

relative to total output in manufacturing and the non-tradable sectors to set the values of γ and

β, respectively.18

Total labor compensation in manufacturing as a share of gross manufacturing output, taken

from the OECD’s STAN database, ranges from about 0.1 to 0.25, with values generally between

0.15 and 0.25 for the western European and North American countries and the value for the United

States equal to 0.19. Gollin (2002) argues that labor compensation is often underestimated in

less developed countries, so the U.S. value seems like a reasonable estimate for the labor share of

manufacturing output. In the model, this share is equal to βθ/(1 + θ), so I set β = 0.19(1 + θ)/θ.

The values of labor compensation as a share of total output in the non-tradeable sectors ranges

between approximately 0.2 and 0.35, and generally between 0.25 and 0.35 for the Western European

and North American countries, with the U.S. on the high end of the range at 0.34.19 As a result,

I use a value of 0.33 for γ, slightly below the U.S. value but still on the high end of advanced

economies.

4.1.2 Elasticities

The parameter θ governs the degree of dispersion of productivity across production techniques and

also serves as the (partial) elasticity of bilateral trade flows with respect to trade costs. Many

attempts have been made to estimate this elasticity. Alvarez and Lucas (2007) surveys many of

these studies and argues for a value in the range [4, 10], with their preferred value being θ = 6.7.

Eaton and Kortum (2002) estimate values in the range [3.6, 12.8], with their preferred estimate

being θ = 8.3. However, Waugh and Simonovska (2013), argue that their estimators are biased,

and using international price data and an unbiased method based on the model of Eaton and

Kortum (2002), estimate values in the range [2.8, 4.5], with a benchmark estimate of θ = 4.1.

Because the framework of Waugh and Simonovska (2013) is much more closely related to this

one than the studies on which Alvarez and Lucas (2007) base their choice of θ, I set θ = 4.1 as

a benchmark. However, the quantitative results, especially the effect of α` on the world income

distribution, turn out to be sensitive to the value of θ, so I also consider θ = 6.7 as an alternative

value.20

18Alvarez and Lucas (2007) consider labor in their model to be “labor plus capital” and use data on total value
added to fix the analogues of these parameters in a static model. However, in a growth framework, the capital-
labor ratio is endogenous and variable over time, so I define labor in the more traditional way. To avoid the
added complexity of introducing a third factor of production, I thus interpret the composite manufactured good as
“intermediates-plus-capital”, which implicitly assumes that all capital depreciates after one period.

19The set of non-tradeable sectors corresponds to all industries that fall under the 2-digit ISIC (Revsion 3) codes
40-99, which includes electricity, gas, and water supply; construction; and all services.

20Most of these estimations use data that is aggregated at least to the industry level. However, in this model, such
a practice is problematic as the the trade cost elasticity of aggregated trade flows lies between σ − 1 and θ. The
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The elasticity of substitution between individual intermediate goods in the production of the

composite manufactured good, σ, governs the magnitude by which an increase in J(t) leads to an

increase in output of the composite manufactured good and, in turn, final output. As a result, it

plays a role in determining the steady state growth rate of per capita income, gc, given by (36).

Therefore, I choose σ so that, given values for β, γ, and λ, the growth rate of per capita income in

steady state is equal to 2.2%. Because the value of β depends on θ, so does the value of σ. When

θ = 4.1, this implies a value of σ = 4.5, while θ = 6.7 implies σ = 5.1. These values are well within

the range estimated by Broda and Weinstein (2006) based on US import data.

4.1.3 R&D Productivity Parameters

The country-specific research productivity parameters, {αi}, are chosen to match gross manufactur-

ing output for each country. Because only relative productivity across both countries and research

activities matters in the general equilibrium, one of these productivity parameters can be normal-

ized, so I set αv = 1. The remaining parameters – αh, α`, and λ – are chosen jointly so that the

predictions of the model match three moments from data on research and development expenditure.

The first two moments are based on data on total R&D expenditure as a percentage of GDP.

The first is the average level of R&D expenditure across all countries for which data is available, and

the second is the average over the G5 countries, respectively 1.4 and 2.5%. In the model, I consider

R&D expenditure to include expenditure on horizontal and vertical research but not learning,

which would plausibly show up in the data as engineering or other non-production but also non-

R&D expenses. The third moment, based on data from the Community Innovation Survey available

from Eurostat, is the average ratio of the number of enterprises engaged in product innovation to

the number engaged in process innovation, which is equal to 0.94 over all countries for which data

is available. In the model, this ratio is equivalent to the ratio of total horizontal to vertical research

expenditure for a given country.

While each of these coefficients influences all three moments, each primarily affects a single

moment in an intuitive way. Given the normalization of αv, αh controls the relative return to

horizontal versus vertical research, with a higher value of αh implying a higher equilibrium value

of shi /s
v
i . Similarly, α` governs the relative return to learning, so a higher value tends to lower

measured R&D expenses for all countries. A higher value of λ disproportionately increases the

return to research by countries that are already heavily engaged in research, which tend to be

large, productive countries, while at the same time increasing the world technological frontier and

disproportionately increasing the return to learning in countries that are far from it. Thus, a higher

value of λ tends to increase R&D expenditure in the G5 countries relative to the rest of the world.

estimation of Waugh and Simonovska (2013) is based on the relationship ln
(
Xni/Xn
Xii/Xi

)
/ ln

(
dni

Pi
Pn

)
= −θ, while in

this model ln
(
Xni/Xn
Xii/Xi

)
/ ln

(
dni

Pi
Pn

)
= ln

(
T̃ni
T̃ii

)
− θ. However, using the numerical results of the model for a given

value of θ in the range discussed above, it turns out that the bias imposed by ignoring the additional term is quite
small.
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4.1.4 Trade Costs

The final set of parameters to be fixed are the bilateral iceberg trade costs, dni. I parameterize

trade costs as a function of observable variables suggested by the gravity literature. Specifically, I

assume that

ln dni = dk + bordni + langni + colni + rtani + exi, (42)

where dk is the effect of the distance between n and i lying in one of six distance intervals; bordni

is the effect of countries n and i sharing a common border; langni the effect of sharing a common

language; colni the effect of having a colonial relationship; rtani the effect of n and i being part of

a regional trade agreement; and exi an exporter-specific border cost.21

To estimate the parameters of dni, I take advantage of the gravity-like structure of the model-

implied relationship between bilateral trade flows and trade costs. However, unlike Eaton and

Kortum (2002) and related papers, this model does not imply a standard gravity relationship

between aggregate bilateral trade flows and trade costs due to the presence of the T̃ni term in

(25), which makes it impossible to disentangle the effect of trade costs from that of the interaction

among countries’ patterns of comparative advantage. Therefore, their estimation methods are not

appropriate here.

The relationship in this model between product-level trade flows and trade costs, given by (21),

on the other hand, does not suffer from this issue. However, using this as the basis of a trade cost

estimation does entail some unique issues which must be addressed. The first is that there is no data

on trade flows at the level of disaggregation implied by the model, i.e. the level at which products

are so narrowly defined that no country would ever purchase the same product from more than

one source. The most disaggregated bilateral trade data available for a large number of countries

is that from the U.N.’s Comtrade database classified at the 6-digit level of the Harmonized System

(HS-6). In order for estimates based on this data not to be subject to the same criticism as those

based on aggregate data, it must be the case every country’s value of T ji must not vary across the

products that lie within each HS-6 category. While this is a strong assumption, it is undoubtedly

much more plausible for a set of products within an HS-6 category than for all products that make

up the aggregate data. Thus, I proceed in this direction.

Let us assume that, at a point in time, the product space is divided into discrete categories,

denoted b = 1, ..., B, which correspond to HS-6 categories, in which it is approximately the case

that T ji = T bi for all j ∈ b. Then, denoting by M b
n imports to n in category b, (21) implies that the

value of exports from i to n in category b are equal to

Xb
ni =

T bi (cidni)
−θ

Φ̃b
n

M b
n, (43)

where Φ̃b
n =

∑
i 6=n T

b
i (cidni)

−θ.

21I assume that this effect is exporter-specific, rather than importer-specific, following Waugh (2010), which argues
that this specification is more consistent with data on the prices of tradable goods.
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Table 2: Trade Cost Coefficient Estimates

Variable Coefficient Std. Err.

<625 km −5.03 –
625 – 1,250 km −5.53 0.13
1,250 – 2,500 km −5.96 0.18
2,500 – 5,000 km −6.34 0.27
5,000 – 10,000 km −7.24 0.29
>10,000 km −7.52 0.34
Shared Border 0.36 0.10
Common Language 0.24 0.06
Colonial Ties 0.11 0.08
Trade Agreement 0.66 0.11

Notes: Number of observations: 37,663,020. Standard errors are clus-
tered by exporter. Reported coefficient estimates are equal to −θb̂,
where b̂ corresponds to the parameters of (42). Distance coefficients
are equal to −θ(dk + 1

N

∑
i exi).

This brings us to the second issue. The most conventional approach to estimating (43) would

be to proxy for the terms T bi c
−θ
i and M b

n/Φ̃
b
n using exporter-product and importer-product fixed

effects. However, the dataset contains 81 countries and 4,702 manufacturing product categories,

which implies that the estimation would involve 761,724 dummy variables, which is computationally

infeasible. Instead, I use the method of French (2014), which uses data on total imports and exports

by country and product category to eliminate the need for fixed effects.22

To apply this method here, define Ebi =
∑

n6=iX
b
ni to be total exports of i in category b. It is

straightforward to show that Xb
ni can be expressed as a function of only trade costs and the set of

total exports and imports in category b of all countries by the following system of equations:

Xb
ni =

EbiM
b
n

Eb
d−θni

Φ̃b
nΨb

i

+ εbni,

Ψb
i =

∑
n6=i

d−θni
Φ̃b
n

M b
n

Eb
, (44)

Φ̃b
n =

∑
i 6=n

d−θni
Ψb
i

Ebi
Eb
,

where Eb =
∑

iE
b
i , and εbni is appended to reflect measurement error.

The final issue is that, using only data on product-level imports and exports and not domestic

trade, the parameter exi is not identified. This is because only relative trade costs matter in

determining trade flows in (44), and thus scaling the cost of exporting up or down for a given

exporter will not affect its bilateral trade flows conditional on total exports. Since data on domestic

trade flows are not available at the product level, as in French (2014), I rely on data on aggregate

22This method is related to the aggregate nonlinear least squares estimator of Anderson and van Wincoop (2003).
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Figure 1: R&D Expenditure and Income per Worker

(a) Horizontal R&D Expenditure
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(b) Vertical R&D Expenditure
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(c) Learning Expenditure
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domestic trade flows, taken as total manufacturing output minus exports, to identify exi, setting

exi equal to the value necessary for the value of Xii predicted by the model to match the data,

given all the other parameter values.

Following Santos Silva and Tenreyro (2006), I estimate (44) via Poisson pseudo maximum

likelihood. Coefficient estimates are presented in Table 2. The results are generally consistent with

the gravity literature. Trade flows are found to be decreasing in distance and increasing in shared

borders, language, colonial relationships, and trade agreements.

4.2 Numerical Results

Given parameter values, it is possible to compute equilibrium research shares, trade flows, and the

world distribution of income. Details of the computation procedure are in Appendix C. Figure 1

depicts the equilibrium shares of income devoted to each innovative activity. Consistent with the

discussion in Section 3.6, high-income countries devote the largest shares of output to horizontal
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Figure 2: Real GDP per Worker: Model vs. Data
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research, while low-income countries spend a much larger share on learning. It is also evident that,

given the parameter values, returns to learning increase much more rapidly than returns to vertical

research as countries move farther from the technological frontier, so that high-income countries

also devote a much larger share of income to vertical research.

4.2.1 Income and R&D

Figure 2 plots the levels of real GDP per worker predicted by the model against those in the data,

along with the 45 degree line. It is evident that the model does quite well in matching real income

levels despite the fact that neither nominal GDP nor price levels were targeted when choosing

parameters. The variance in log income per worker is 1.54 in the model versus 1.55 in the data,

and the 90/10 ratio of income per worker is 30.4 in the model versus 25.3 in the data.

Figure 3 illustrates the degree to which the model captures the relationship between income and

R&D expenditure present in the data. It plots both the actual model-predicted values of the share

of GDP devoted to R&D against real GDP per worker for 2006. As above, I consider expenditure on

horizontal and vertical research, but not learning, in the model to be R&D expenditures. While the

model parameters were chosen to match average R&D expenditure across all countries and among

the G5 countries, the degree to which the model’s predictions match the shape of the relationship

between income and R&D expenditure can be viewed as a test of the model’s validity. As can

be seen, the shape of the relationship predicted by the model is quite similar to that in the data,
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Figure 3: R&D Expenditure and GDP: Model and Data
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with R&D expenditure remaining relatively flat with rising income until roughly twice the median

income level and then rising sharply.

4.2.2 Product-Level Trade Patterns

Next, I demonstrate the model’s predictions for product-cycle trade patterns and evaluate the degree

to which these predictions are consistent with product-level trade flow data. Figure 4 illustrates the

pattern of trade that emerges in the model over the life cycle of a product for four representative

countries with differing patterns of research expenditure, which are summarized in Table 3.23 The

left pane of Figure 4 depicts the evolution of countries’ comparative advantage, in expectation, as

a product ages, which is measured here as the country’s expected share of US imports for products

of age a, relative to the country’s share of all US imports, πUS,i(a)/πUS,i.
24 The right pane plots

the expected share of each country’s total exports to the US made up of products of age a. In

addition to a country’s level of comparative advantage, this measure also reflects the distribution

23Finland and Japan devote relatively large shares of output to horizontal and vertical research, respectively.
Rwanda devotes the largest share of output in the sample to learning, and Poland is an intermediate case. That the
difference between the research expenditure of Finland is small is representative of the model’s prediction of a high
degree of correlation in expenditure on the two forms of R&D.

24The US import market is chosen for illustrative purposes because it is the largest market and has detailed product-
level trade data. The pattern is similar in every destination market, though older products make up a slightly smaller
share of imports in countries that perform less R&D. The share πni(a) =

∑
m ηmπnim(a)Xnm(a)/

∑
m ηmXnm(a).
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Figure 4: Product-Cycle Trade Patterns

(a) Comparative Advantage by Product Age
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(b) Distribution of Exports by Product Age
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of US expenditure across products differing in age.25 The hump shape arises due to the offsetting

forces of exponential growth of the measure of products – meaning that a given product makes up

a smaller share of expenditure over time – and the accumulation of techniques over the life-cycle of

a product – meaning that older products are relatively cheaper and thus attract a larger share of

expenditure. The vertical lines separate the products into deciles of total U.S. imports, which aids

comparison with the data below.

Three patterns emerge from this figure. First, countries which devote a higher share of GDP to

R&D have an expected comparative advantage in producing newer products. Second, expenditure

on a given product increases more rapidly when it is relatively young. And, third, high-R&D

countries’ comparative advantage in newer products erodes slowly over time, with the expected

volume of exports of a product actually increasing over a number of years and older products still

making up a relatively large share of high-R&D countries’ exports. The first prediction is shared

by other models that feature expanding product variety and technology diffusion, going back at

least to Krugman (1979) and Vernon (1966). The second and third predictions, however, depend on

countries engaging in all three types of innovative activity in the model. The second prediction arises

because techniques accumulate for a given product over time. Because new techniques arrive at a

constant rate, the percentage growth in expected productivity and expenditure on the product is

highest when it it newest. The third prediction arises because high-R&D countries engage relatively

heavily in vertical research as well as still devoting a significant share of GDP to learning, which

implies that they maintain an absolute advantage over low-R&D countries for all products, and their

comparative advantage falls more slowly than low-R&D country productivity rises. Further, high-

R&D countries’ declining comparative advantage is offset by increasing expenditure on a product

as it ages, with the latter dominating early a product’s life cycle.

25Exports from i to n of age a products is given by Xni(a) = πni(a)Xn(a), where Xn(a) =

Xn
∑
m f(a,m) (Φnm(a)/Φn)

σ−1
θ .
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Table 3: Example Countries

Country shi svi s`i
Finland 1.68 1.53 8.72
Japan 1.60 2.05 8.21
Poland 0.45 0.64 10.75
Rwanda 0.03 0.48 11.38

To test whether these patterns are present in the data, I use data on US imports of man-

ufactured goods, categorized into 10-digit Harmonized Tariff Schedule (HTS) codes from Schott

(2008). Unfortunately, it is not straightforward to measure the age of a product in the data, so I

must attempt to do so indirectly. To do this, I take as given that the first prediction of the model

holds in the data, use the revealed comparative advantage of high-R&D countries as a proxy for

product age, and use this to evaluate the evidence for the second and third predictions. While

this is far from the ideal test of the model’s predictions, it is reassuring that this prediction is

relatively uncontroversial in models featuring product cycles and that is consistent with evidence

from survey data, such as Mansfield and Romeo (1980) and Mansfield et al. (1981). Further, the

latter predictions are much more relevant as they are distinct from models that do not feature all

three forms of innovative activity.

To proxy for the age of a product, I calculate the following measure of the average revealed

comparative advantage of low-R&D countries relative to high-R&D:

RRCAb =
1
N l

∑
i∈Ωl X

b
US,i/M

b
US

1
Nh

∑
i∈Ωh X

b
US,i/M

b
US

,

where Ωl and Ωh are, respectively, the sets of low- and high-R&D countries, Nx is the number of

countries in Ωx, and Xb
US,i/M

b
US is the share of US imports in HTS code b from country i.26 Under

the assumption that the first prediction holds, this measure is increasing, in expectation, in the age

of the products that make up a product category.

I calculate this measure for all product categories in 1996 – the first year for which data on R&D

expenditures is available – and sort the product categories in ascending order. To ameliorate the

effects of idiosyncratic differences across products categories – and due to the fact that a product

category in the data is not precisely comparable to a product in the model – after sorting the

product categories by RRCAb, I organize them into larger sets that each make up 10% of U.S.

imports.27

Figure 5 shows the percentage change in U.S. imports within each set of products between

1996 and 2006. The line represents the change in total US imports. The figure suggests that U.S.

26High-R&D is defined as having an R&D expenditure share greater than 1.5%, and the low-R&D set is made up
of the remaining countries that report R&D expenditure.

27This procedure is similar to that used by Kehoe and Ruhl (2013) to measure changes in the extensive margin of
trade flows. To ensure that each set makes up precisely 10% of US imports, the marginal product at each cut-off is
split across sets. Subsequent changes in trade flows are attributed proportionally to each set.
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Figure 5: Growth of US Imports by Set
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Figure 6: Growth of US Imports by Set and Country Group

(a) High R&D Countries
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(b) Low R&D Countries
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imports of newer products grew relatively faster than imports of older products, with imports of

products in the first five sets growing by 145%, and imports of the last five growing by 117%. This

is consistent with the second prediction highlighted above. Figure 6 shows the share of total exports

to the U.S. made up by each set of products for both groups of countries in 1996 and 2006. This

figure indicates that the exports of low-R&D countries grew much more quickly for newer products

than for older products. It also indicates that exports of the newest products also grew relatively

quickly for the high-R&D countries, and exports of the middle-aged products fell most rapidly as

a share of total exports, consistent with Figure 4.

4.3 Knowledge Flows, Trade Flows, and the Cross-Country Income Distribu-

tion

Given that the model is successful in accounting for the cross-country income distribution and

patterns of R&D expenditure and product-level trade flows found in the data, I use the predictions

of the model under a series of counterfactual scenarios in order to understand how the ability of

both knowledge and goods to flow across national borders influence incentives to perform research

and the world income distribution.

4.3.1 Knowledge and Trade Flows and Research

The first set of counterfactual experiments are designed to illustrate the effects that international

trade and knowledge flows have on incentives to engage in each type of innovative activity, as

discussed in Section 3.6. Figure 7 depicts the shares of output devoted to horizontal and vertical

research and learning in four scenarios. In the first three, there is no international trade in goods

– i.e. dni = ∞ for all n 6= i. The first is complete isolation, where countries do not know of the

existence of products invented in other countries, which is equivalent to a model of N one-country

worlds. In the second, the existence of new products is immediately known everywhere (as in the

baseline model), but there is no learning about vertical research conducted abroad. The third is

the baseline model, except without trade flows, and the fourth is the baseline model with finite

trade barriers. For comparison, the figure plots research shares against real GDP per worker in

isolation for all four scenarios. By definition, expenditure on learning in the first two scenarios is

equal to zero.

As discussed above, every country, in isolation, chooses the same level of both horizontal and

vertical research. When a country has access to the knowledge of products invented in other

countries, the “smaller” is the country in terms of generation of new techniques per product, the

greater is its investment in vertical research, and about half of the countries are small enough that,

in the absence of trade, they devote a negligible share of output to horizontal research. The effect of

the ability of researchers to learn about foreign vertical research on the incentives to engage in the

other research activities is very large, especially for vertical research, where the higher returns to

vertical research relative to horizontal research for countries with lower levels of potential research

output in the absence of learning is reversed.
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Figure 7: R&D Expenditure With and Without Trade and Knowledge Flows

(a) Horizontal R&D Expenditure
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(b) Vertical R&D Expenditure
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(c) Learning Expenditure
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In moving to the baseline case, the fall in trade barriers increases the returns to horizontal

research relative to the other activities, which is clear from the increase in expenditure by almost

all countries. Further, this increase is clearly heterogeneous, which indicates that the baseline

case is far enough from trade autarky that relative wages are important in determining research

expenditure. Countries with high research productivity and small populations increase horizontal

research expenditure the most. For example, the set of countries with the largest increases in shi
includes Iceland, Austria, and Denmark – relatively small countries with high research productivity

– as well as tiny countries such as the Maldives, Fiji, and Mauritius. The converse effect can be

seen in the effect of trade on expenditure on learning, while vertical research experiences a nearly

uniform fall in all countries, which reflects the fact that the returns to vertical research are not

directly influenced by relative wages.
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Table 4: World Income Distribution with Counterfactual Trade Costs

dni =∞ dni =∞ Baseline min{dni, din} min{dni, din}
(LR) (SR) — (SR) (LR)

%∆Y −54.6 −22.6 — 45.9 163

%∆J
1−γ

β(σ−1) −53.4 — — — 97.5
var (log(y)) 2.37 1.80 1.54 0.90 0.78
y90/y10 60.4 36.3 30.4 12.1 9.72

Table 5: Research Shares with Counterfactual Trade Costs

dni =∞ Baseline min{dni, din}
s̄hi 0.20 0.46 0.65
s̄vi 0.71 0.65 0.62
s̄li 10.98 10.75 10.59

cv(shi ) 1.73 0.84 0.54
cv(svi ) 0.58 0.52 0.44
cv(sli) 0.071 0.064 0.055

4.3.2 Trade Barriers and Income

To understand how the world income distribution depends on trade barriers, I compare the baseline

income distribution with those in two counterfactual cases, trade autarky and a case in which the

asymmetric component of trade barriers has been removed. As Waugh (2010) argues, the latter

case is likely to correspond to the case of the removal of policy-related trade barriers, while leaving

in place geographic barriers, which tend to be symmetric. In both cases, I consider the “short-run”

effect of a change in trade barriers – in which the stocks of products and techniques are held fixed

at the levels implied by baseline balanced growth path – and a “long-run” effect, computed along

the balanced growth path implied by the the new trade barriers. The former is intended to allow

for comparison with other studies of the effects of changes in trade barriers in the context of static

trade models.

Table 4 presents the change in total world income, the change in the component of income due

to the change in the mass of products available, and two measures of the dispersion in income per

worker across countries, the variance of log income per worker and the 90/10 ratio. When the state

of technology in the world is held fixed, the effect of trade barriers on the distribution of income

is largely in line with the predictions of static trade models, such as Waugh (2010). All countries

benefit from lowered trade barriers, with poorer countries benefiting relatively more.28 However,

when research expenditure and the technological state of the world adjust to their new long-run

levels, the effects of the trade barriers, both in terms of the level and dispersion of world income,

28In Waugh (2010) the effects are quantitatively smaller, mainly because capital stocks are taken as given in his
model, whereas in this framework, intermediate goods, which become cheaper as trade barriers fall, essentially play
the role capital.
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are amplified.

To understand these results, recall from (41) that real income per worker is a function of Ti,

T̃ii, πii, and J . In the short run, Ti and J are fixed. The elimination of asymmetric trade barriers

benefits all countries by allowing them to specialize more fully in the set of products for which

they are more productive, and it benefits poorer countries to a greater extent, since these barriers

are estimated to be higher for them. Moving in the other direction toward zero trade flows, the

fall in income does not covary as strongly with baseline income levels since there is not a strong

relationship between πii and income in the data.

The effect of changes in T̃ii turns out to be relatively small. This is for two reasons. First,

in the baseline calibration, (σ − 1)/θ is relatively large, which implies that the additional surplus

captured by producers of products that are not efficiently produced elsewhere is relatively small.

Second, because trade barriers are rising or falling for all countries simultaneously, the effect on

the ratio Φnm(a)/Φn for all products and countries is relatively small.

In the long run, there are two additional effects. Expenditure on each type of research changes

in response to the changes in trade barriers, and because tradeable goods are used in the production

of research, the static gains from decreased trade barriers also imply increased output of all research

activities given a set of expenditure shares. Table 5 presents the average share of income spent on

each research activity as well as the coefficient of variation of each across countries. As discussed in

Section 3.6, a fall in trade barriers implies that expenditure on horizontal research increases, with

the relative expenditure of poorer countries increasing by more as they see a greater decrease in

trade barriers. Both this and the static increase in output cause an increase in J , which further

increases income proportionally for all countries. The decrease in svi in most countries relative to

the global increase in horizontal research causes a fall in the average number of techniques per

product worldwide and implies a decrease in Ti in most countries. However, since the static output

gains are greater than average for poorer countries, their gross expenditure on vertical research and

learning increases, offsetting this effect. In fact, for 65% of countries, vertical research and learning

expenditure increases relatively more than the global increase in the measure of products, and Ti

rises. Thus, poorer countries’ incomes increase by more than would be implied by the increase in

J alone, while the incomes of the richest countries increase by less. The effect of a change in Ti is

tempered somewhat by changes in Πii between the short run and long run, as a relative increase

in Ti implies that a country becomes larger relative to the rest of the world, meaning that it has

less scope for specializing in the products for which it is most efficient.

The long-run effects of the move to zero trade flows similarly amplify the static effects. The

reason for the larger effect on the dispersion of income in the long run than in the short run is that

the countries that are most harmed by the loss of trade flows – the smallest and least productive

countries – shift to the bottom of the income distribution as a result of the static effects off the

increase in trade barriers, and thus it is the poorest countries whose incomes are most affected by

the long-run changes in research output.

Table 9, in Appendix A, reports the same information as Table 4 given the alternative set of

39



parameters based on θ = 6.7, and Table 10 is the counterpart of Table 5. For changes in trade costs,

the results are qualitatively similar, but the magnitudes are smaller, except for the long-run effect

of a move to trade autarky. There are three reasons for this. First, a larger value of θ results in

lower estimated trade barriers. Second, it implies that the effect of trade barriers on the returns to

horizontal relative vertical research is greater. And, third, as is clear in (41), it dampens the effect

of Ti and πii on relative incomes. In the short run, the smaller change in trade barriers and smaller

effect of a change in domestic trade shares on income combine to dampen the effects of a move to

symmetric trade costs. In the long run, the response of research expenditure is amplified but not

by enough to cause changes in income to be greater overall. In the short run move to trade autarky,

the effect of changes in domestic trade shares is mechanically lower given a higher value of θ. In

the long run, the increase in vertical relative to horizontal research expenditure is much larger, so

the measure of products decreases by more, and the value of Ti increases by more (or decreases by

less) for all countries compared to the baseline parameterization. This benefits poorer countries

relative to richer ones, leading to a smaller change in the dispersion of income across countries, but,

overall, the larger change in the measure of products – whose effect on income depends on σ and

not θ – dominates, so that the average country is predicted to be worse off given a higher value of

θ.

4.3.3 Knowledge Flows and Income

The next set of counterfactual experiments is designed to understand how knowledge flows across

countries shape the world income distribution. Table 6 depicts changes in the world income dis-

tribution under four scenarios, and Table 7 depicts the effects on research expenditure. I consider

the case in which there is no learning about vertical research as well as the case in which resources

invested in learning are twice as productive, which could be likened to an increase in worldwide

interconnectedness due to improvements in communication and access to information via the inter-

net. I also consider the case in which all countries are totally isolated. To distinguish the effect of

isolation from knowledge of products invented abroad from that of the lack of trade flows, I include

the case in which there is no learning and no trade, but entrants in each country are aware of all

products that have been invented. Finally, for completeness, I include the case in which learning

is twice as productive and asymmetric trade costs have been removed.

The effects of changes in the cost of learning primarily arise through changes in J and Ti, with

changes in trade flows amplifying the effects somewhat. The elimination of learning increases both

horizontal and vertical innovation. Thus, the measure of available products increases. This and

the loss of techniques acquired through learning decreases the number of techniques available per

product, especially in countries initially far from the world technological frontier. The increase in

vertical research offsets this effect, but, in the case, the former effect dominates. Overall, the fall

in income due to the decrease in Ti dominates the increase in income due to the increase in J , with

the overall loss being much larger for countries far from the technological frontier. Thus, there is a

substantial increase in the dispersion of income across countries. A halving of the cost of learning,
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Table 6: World Income Distribution with Counterfactual Knowledge Flows

Isolation No Learning No Learning Baseline Faster Learning Faster Learning
(dni =∞) (dni =∞) — — — min{dni, din}

%∆Y −98.8 −79.2 −52.2 — 41.7 288

%∆J
1−γ

β(σ−1) −36.2 −43.5 43.5 — −21.4 49.9
var (log(y)) 27.4 2.77 1.74 1.54 1.28 0.67
y90/y10 1.15× 106 84.6 36 30.4 23.3 8.73

Table 7: Research Shares with Counterfactual Knowledge Flows

Isolation No Learning No Learning Baseline Faster Learning Faster Learning
(dni =∞) (dni =∞) — — — min{dni, din}

s̄hi 5.20 0.54 3.19 0.50 0.16 0.21
s̄vi 5.65 10.43 7.87 0.70 0.17 0.16
s̄li — — — 9.88 10.68 10.62
cv(shi ) — 1.25 0.44 0.68 1.69 1.20
cv(svi ) — 0.07 0.16 0.41 1.46 1.24
cv(sli) — — — 0.059 0.046 0.038

predictably, has the opposite effect, benefitting all countries, with the gains being greater for poorer

countries.

Tables 11 and 10, in Appendix A, are the respective counterparts of Tables 6 and 7 for the

alternative parameterization in which θ = 6.7. In predicting the effect of changes in the ease of

learning on the worldwide distribution of income, θ plays a critical role. With the higher value of θ,

access to foreign vertical research is not nearly as beneficial, and a decrease in the cost of learning

actually leads to lower incomes in some countries, due primarily to the greater effect of worldwide

learning on the returns to vertical research. When the cost of learning is halved, J falls somewhat

more than in the baseline parameterization, but the effect on income is partially ameliorated by

the slightly higher value of σ. The number of techniques per product in all countries increases by

somewhat less, and the effect on income is further lessened due to the higher value of θ. The result

is that all countries benefit less from the increased learning, and while most countries still benefit,

nine of the countries closest to the technological frontier see a fall in income.29 The dispersion in

world income also falls by less under this parameterization.

The effect of complete isolation is predictably devastating, especially to the smallest and poorest

countries. For instance, Ireland goes from being the ninth richest country in the sample to the 14th

poorest, and real income per worker in the Maldives falls from 1/12th the level of the US in the

baseline case to less than on billionth of this level. By contrast, US income falls by a factor of 46.

When θ = 6.7, average world income falls by a bit less, but isolation is even more costly for the

smallest and poorest countries, increasing income inequality across countries to astronomical levels.

29These countries are Finland, France, Germany, Italy, Japan, Korea, Spain, Sweden, and the United States.
Finland, Germany, Italy, Japan, Korea, and Sweden also see their incomes rise with the total elimination of learning.
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4.3.4 The Gains from Openness

These counterfactual experiments have assessed the effects on the world income distribution of

three forms of “openness” of countries to the world economy: access to the knowledge of products

invented abroad, access to vertical research aimed at developing techniques for producing these

products, and access to trade in the products themselves. To assess the relative importance of each

form of openness, note that, from complete isolation, allowing the first type of knowledge flows

increases world income by a factor of 21. From this point, introducing access to foreign vertical

research further increases world income by a factor of 2.3, while separately introducing access to

international trade does so by a factor of 3.5. Introducing both together does so by a factor of 7.1.

Thus, openness, broadly defined, results in a 150-fold increase in world income per worker over

complete isolation, with the bulk of this gain being due to simply knowing that new products have

been invented elsewhere in the world.

This also implies that access to trade and foreign vertical research are substitutes in their

effects on income. For example, introducing learning in a world with no trade increases total world

income by 118%, while doing so in a world with the baseline trade barriers increases world income

by slightly less, 109%. Similarly, in the first case, the 90/10 ratio of income per worker falls by 29%

with the introduction of learning, but it falls by only 16% with baseline trade costs. The latter

result highlights the fact that it is countries far from the technological frontier that face high trade

barriers that benefit the most from learning.

5 Conclusion

This paper provides a framework in which to jointly evaluate the effects of access to both foreign

knowledge and foreign goods on the level and cross-country distribution of income per worker.

Given its richness in being able to quantitatively address the cross-country distribution of income,

aggregate and product-level bilateral trade flows, and research and development expenditure, the

model provides a reasonably parsimonious and tractable framework in which to analyze the effects

of international trade and knowledge flows on research incentives and the distribution of world

income together in a unified framework. When parameterized to fit data on trade flows and R&D

expenditure, the model’s predictions are consistent with data on income per worker, higher moments

of the relationship between income and research expenditure, and product-level trade flow data; and

it provides evidence that access to both international trade and knowledge flows are quantitatively

important in determining the world distribution of income.

Of course, to achieve the level of richness and tractability, the model includes simplifying as-

sumptions along a number of dimensions. These include the simple treatment of intellectual prop-

erty rights and lack of an explicit channel for multinational production. As such, these remain

fruitful areas of future research.
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Appendices

A Additional Tables

Table 8: Parameter Values: θ = 6.7

Symbol Value Target

r 0.07 Rate of return on equity

gL 0.015 World population growth rate

γ 0.33 Ratio of labor compensation to gross output in non-tradable sectors

β 0.22 Ratio of labor compensation to gross output in manufacturing

σ 4.8 GDP per capita growth rate

θ 6.7 Trade cost elasticity

λ 0.73 Average R&D expenditure

α` 2.7 Average R&D expenditure among G5 countries

αh 0.73 Relative number of firms engaged in product innovation

Table 9: World Income Distribution with Counterfactual Trade Costs (θ = 6.7)

dni =∞ dni =∞ Baseline min{dni, din} min{dni, din}
(LR) (SR) — (SR) (LR)

%∆Y −61.4 −16.1 — 27.9 111

%∆J
1−γ

β(σ−1) −63.4 — — — 79.8

var (log(y)) 1.72 1.60 1.48 0.95 0.86

y90/y10 34.6 32.5 28.7 13.6 11.1

Table 10: Research Shares with Counterfactual Trade Costs (θ = 6.7)

dni =∞ Baseline min{dni, din}
s̄hi 0.07 0.44 0.67

s̄vi 1.12 0.72 0.60

s̄li 9.61 9.47 9.32

cv(shi ) 3.51 1.18 1.06

cv(svi ) 0.39 0.50 0.48

cv(sli) 0.079 0.078 0.082
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Table 11: World Income Distribution with Counterfactual Knowledge Flows (θ = 6.7)

Isolation No Learning No Learning Baseline Faster Learning Faster Learning

(dni =∞) (dni =∞) — — — min{dni, din}
%∆Y −98.7 −72.4 −12.0 — 5.49 117

%∆J
1−γ

β(σ−1) −46.3 −59.4 48.0 — −26.6 22.0

var (log(y)) 62.5 1.85 1.59 1.48 1.33 0.78

y90/y10 1.96× 109 39.3 31.8 28.7 24.2 9.57

Table 12: Research Shares with Counterfactual Knowledge Flows (θ = 6.7)

Isolation No Learning No Learning Baseline Faster Learning Faster Learning

(dni =∞) (dni =∞) — — — min{dni, din}
s̄hi 4.48 0.113 1.81 0.439 0.135 0.191

s̄vi 5.58 10.3 8.71 0.721 0.131 0.115

s̄li — — — 9.47 10.2 10.1

cv(shi ) — 3.08 1.02 1.18 2.46 2.05

cv(svi ) — 0.04 0.18 0.50 2.14 1.95

cv(sli) — — — 0.078 0.057 0.05
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B Data

B.1 GDP and Labor Force Statistics

Data on real GDP and the size of the labor force are from version 7.1 of the Penn World Tables

(Heston et al. (2012)). The measure of real GDP used is total PPP Converted GDP, based on the

Geary-Khamis method, at current prices in 2006. The size of the labor force for each country is

computed, as in Caselli (2005), as RGDPCH*POP/RGDPWOK in 2006, where RGDPCH is PPP

converted GDP per capita, computed using the chain method, at 2005 constant prices; RGDPWOK

is PPP converted GDP per worker in the same units; and POP is population.

B.2 Labor Compensation Shares

Labor compensation as a share of output in manufacturing and non-tradeable sectors is calculated

from data obtained from the STAN database available from the OECD for 2006.

B.3 Research & Development Statistics

Data on national expenditure on R&D as a percentage of GDP are taken from the World Devel-

opment Indicators (WDI) database available from the World Bank for 2006. Data on the number

of enterprises engaged in horizontal and vertical research is from the 2006 Community Innovation

Survey available from Eurostat. The survey asked enterprises whether they introduce “new or sig-

nificantly improved goods” or services and whether they introduced “new or significantly improved

methods of manufacturing or producing goods or services”, “new or significantly improved logis-

tics, delivery or distribution methods for you inputs, goods or services”, or “new or significantly

improved supporting activities for your processes” between 2004 and 2006. Data is available for 21

European countries which are also in the sample of countries for which the model is computed.

B.4 Manufacturing Output

Data on total gross manufacturing output is necessary to estimate border costs and the country-

specific research productivity terms. The data is obtained from two sources. Where it is available,

the data is taken from the Industrial Statistics Database (INDSTAT4), 2011 Edition, CD-ROM

available from the United Nations Industrial Development Organization. Where data for 2006 is

not available but is available for other years, the 2006 value is interpolated using the predicted

values of a regression of log output on country and year fixed effects. Where no data is available for

a country, gross manufacturing output is imputed from total manufacturing value added obtained

from WDI. Manufacturing value added is scaled up by a factor of 3.19 based on a cross-sectional

regression of gross output on value added with no constant term.
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B.5 Trade Data

Product-level, bilateral trade data, which is used to estimate bilateral trade costs, is taken from the

U.N. Comtrade database classified into six-digit Harmonized System (HS) product codes. For 2006,

the database contains trade flow data for 146 countries that report data using the HS2002 classifi-

cation and 19 countries that report using the HS1996 classification. HS1996 codes are converted to

HS2002 codes using the correspondence table available from the U.N. Statistics Division.30 These

165 reporting countries report trade with an additional 77 non-reporting countries and territories.

However, to ensure a complete trade flow matrix, only reporting countries are included in the

sample.

For pairs of reporting countries, bilateral trade flows are typically reported in both directions

by both countries. Trade flows reported by the importing country were used except for country

pairs in which the importer reported no trade flows across all product categories, but trade flows

were reported by the exporter. Such trade flows make up 1.4% of the observations. This results

in a dataset of 165 countries, 5,222 product codes, and 6,854,937 non-zero bilateral, product-level

trade flow observations.

Data on product-level U.S. imports are from Schott (2008). I use trade data from the years 1996

– the first year for which R&D data are available – and 2006 – the year for which the remaining

data used to parameterize the model are taken. Because U.S. HTS codes change often, in order

to compare product-level trade over time, I use the concordance developed by Pierce and Schott

(2009). This data is merged with data on R&D expenditure from WDI. For countries in the sample

that do not report R&D data until later years, the first available observation is used. Cuba and

Zambia are omitted because they do not export to the U.S. in all years during this period. The

remaining sample of imports from countries that report R&D expenditure is made up of 52 countries

and 13,622 HTS codes or sets of codes concorded between 1996 and 2006.

The bilateral relationship variables used to estimate trade costs are from the Gravity dataset

available from CEPII (see Mayer and Zignago (2011)). The variables used in the estimation are

population weighted distance (distw), whether countries share a border (contig), whether they share

a common official language (comlang off ), whether they have ever had a colonial link (colony), and

whether they are currently members of a common regional trade agreement (rta).

B.6 Constructing the Sample

In the model, a country is defined by the size if its labor force, Li, its average productivity in

research, αi, and the bilateral trade barriers it faces, dni. Thus, for a country to be included in

the sample, data must available for labor force size, manufacturing output, and product-level trade

flows, with the latter two being used to estimate trade barriers and research productivity.

To combine the trade flow data with manufacturing output data, trade in non-manufacturing

HS codes are dropped from the dataset. These are identified using the mapping from HS2002 codes

30This is available for free download from the following url: http://unstats.un.org/unsd/cr/registry/regdntransfer.asp?f=232.
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to ISIC (revision 3) codes available from the U.N. Statistics Division.31 All HS codes not mapped

to ISIC 2-digit industries 15-37 are dropped. This reduces the number of HS codes in the sample to

4,702 and the number of observations to 6,500,799. Domestic absorbtion of domestic manufacturing

output, Xii, is then calculated as manufacturing output minus total manufacturing exports to all

countries (including non-reporters).

Lack of manufacturing output data for all countries reduces the sample size to 149 countries.

Lack of data from the Penn World Tables further reduces the sample size to 130 countries. To

avoid problems related to entrepot trade, several sets of countries are grouped into regional blocs.

These include, Belgium and Luxembourg; China, Hong Kong, and Macao; Singapore, Malaysia,

and Indonesia; and Belize, Costa Rica, Guatemala, Honduras, El Salvador, and Panama. Where

there was no natural regional bloc to join, countries for which exports in excess of manufacturing

output was reported were dropped form the sample.32 These two steps together reduced the sample

to 109 countries and regional blocs.

Finally, since the model is not well-equipped to explain the level of income per worker for

countries which obtain a large fraction of GDP from natural resource extraction, I drop countries

from the sample if non-manufacturing industrial value added accounts for more than 30% of GDP.

The following countries are dropped based on this criterion: Algeria, Bhutan, Brunei Darussalam,

Chile, Gabon, Guinea, Iran, Mauritania, Mongolia, Nigeria, Norway, Saudi Arabia, Trinidad and

Tobago, United Arab Emirates, Venezuela, and Yemen. Such data is missing for Botswana, Greece,

Israel, Oman, Qatar, Romania, and Syria. Of these countries, Oman, Qatar, and Syria are dropped

because a large share of these countries’ exports is made up of petroleum products. The remaining

countries are retained. These steps result in a final sample of 90 countries and 3,812,144 positive

product-level bilateral trade flows (37,663,020 including zero trade flows). This sample accounts

for 93% of world GDP recorded by the Penn World Tables in 2006.

C Computation

Solving the model numerically requires evaluating the integrals given in (35) and (39). While

these integrals cannot be solved analytically, they can be computed numerically using standard

techniques. Given the form of the integrand, Gauss-Laguerre quadrature was found to perform

quite well. The double integrals defined by (39) can be converted to single integrals using the

change of variable z = s+ a and integrating a out analytically.

Given a full set of parameter values, I use the following algorithm to solve for the balanced

growth path equilibrium:

1. Set initial values for sxi , for all i and x.

2. Set initial values for wages, wi, for all i.

31This is available for free download from the following url: http://unstats.un.org/unsd/cr/registry/regdntransfer.asp?f=184.
32These included The Bahamas, Cyprus, Estonia, Guyana, Madagascar, Malta, Mozambique, Philippines, St.

Vincent, Vanuatu.
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3. Set initial values for Φn, for all n.

4. Using (33), (34), and (35), update the values of Φn.

5. Repeat 4 until the values of Φn converge.

6. Calculate πni according to (25).

7. Using (31), update wi, i.e.

w′i = wi + δ

(∑
n

πniwnLn − wiLi

)
, δ ∈ (0, 1).

8. Repeat 4 - 7 until the values of wi converge.

9. Calculate V x
i , for all i and x, according to (39).

10. Using (40), update the values of si, i.e.

s′i =
1− γ
1 + βθ

gY
Rh

αxi (sxi )λ
(
Yi
Y

)λ
V x
i

11. Repeat 4 - 10 until the values of si converge.

D Proofs

D.1 Productivity Distribution

Here, I show that if (1) a given technique has productivity Z drawn from a Pareto distribution

given by

Pr(Z > z) = (z/z)−θ , z ∈ [z,∞),

and (2) the number of techniques available is distributed Poisson with parameter z−θT ji , then the

distribution of the productivity of the best and second best techniques is given by (20). This proof

closely follows Eaton and Kortum (2010).

Denote the productivity of the highest productivity technique Z1 and that of the second highest

productivity technique Z2. If there are k techniques, the probability that Z1 ≤ z1 and Z2 ≤ z2,

where z ≤ z2 ≤ z1, is equal to the probability that any one of the k techniques has a productivity

between z2 and z1 and all of the other techniques have productivity less than z2 plus the probability

that all of the techniques have productivity less than z2. Thus, for k ≥ 1,

F (z1, z2|k) = Pr(Z1 ≤ z1, Z2 ≤ z2|k)

= Pr(z2 ≤ Z1 ≤ z1, Z2 ≤ z2|k) + Pr(Z1 ≤ z2, Z2 ≤ z2|k)

= k
(
z−θ2 zθ − z−θ1 zθ

)(
1− z−θ2 zθ

)k−1
+
(

1− z−θ2 zθ
)k
,
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and for k = 0, F (z1, z2|0) = 1.

Since k is drawn from a Poisson distribution, this probability, unconditional on k, is

F (z1, z2) =

∞∑
k=0

e−T
j
i z
−θ

(T ji z
−θ)k

k!
F (z1, z2|k)

=

∞∑
k=1

e−T
j
i z
−θ

(T ji z
−θ)k

k!
k
(
z−θ2 zθ − z−θ1 zθ

)(
1− z−θ2 zθ

)k−1

+

∞∑
k=0

e−T
j
i z
−θ

(T ji z
−θ)k

k!

(
1− z−θ2 zθ

)k

= T ji

(
z−θ2 − z

−θ
1

)
e−T

j
i z
−θ

∞∑
k′=0

(
T ji z

−θ
(

1− z−θ2 zθ
))k′

k′!

+ e−T
j
i z
−θ
∞∑
k=0

(
T ji z

−θ
(

1− z−θ2 zθ
))k

k!

= T ji

(
z−θ2 − z

−θ
1

)
e−T

j
i z
−θ
2 + e−T

j
i z
−θ
2 ,

which is equivalent to (20). While the term z has disappeared entirely, the support of F (z1, z2) still

only includes values greater than z. However, it is straightforward to show that defining αvi = z−θα̃vi
and α`i = z−θα̃`i , for all i, implies a value of T ji that is proportional to z−θ, as is assumed above.

Then, letting z → 0 allows the productivity of techniques to to take on any value in (0,∞), which

is mathematically convenient for what follows.

Intuitively, as z → 0, it becomes infinitely easy to obtain a technique, but techniques are almost

surely of zero productivity. However, the probability of obtaining a technique with productivity

above a certain threshold is independent of z. Since low-productivity techniques are never used

in equilibrium, those below an arbitrarily low threshold can be ignored, allowing the minimum

productivity of techniques to be safely sent to zero.

D.2 Price and Trade Flow Results

In this section, I prove the results listed in Section 2.7. These proofs draw heavily on those in

Bernard et al. (2003) and Eaton and Kortum (2010).
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D.2.1 Result 1

Using (9) and (20), the lowest and second lowest costs of delivering a product from i to n are

distributed according to the following:

G̃jni(c1, c2) = Pr
(
Cj1ni > c1, C

j2
ni > c2

)
= Pr(Zj1i < cidni/c1, Z

j2
i < cidni/c2)

= F ji (cidni/c1, cidni/c2)

=
[
1 + T ji (cidni)

−θ(cθ2 − cθ1)
]
e−T

j
i (cidni)

−θcθ2 ,

where 0 ≤ c1 ≤ c2. The probability that the lowest cost of of delivering a product to n from

anywhere in the world is greater than c1 and that the second lowest cost is greater than c2 is equal

to the probability that the lowest cost from any one country is between c1 and c2 and the lowest

cost from every other country is greater than c2 plus the probability that the lowest cost from every

country is greater than c2. Thus,

G̃jn(c1, c2) = Pr(min
i
{Cj1ni} > c1,min{Cj2ni∗ ,min

i 6=i∗
{Cnij1}} > c2)

=
N∑
i=1

(
G̃jni(c1, c2)− G̃jni(c2, c2)

) ∏
m6=i

G̃jnm(c2, c2) +
N∏
i=1

G̃jni(c2, c2)

=

N∑
i=1

T ji (cidni)
−θ(cθ2 − cθ1)e−T

j
i (cidni)

−θcθ2
∏
m6=i

e−T
j
i (cmdnm)−θcθ2 +

∏
i

e−T
j
i (cidni)

−θcθ2

=
[
1 + Φj

n(cθ2 − cθ1)
]
e−Φjnc

θ
2 .

D.2.2 Result 2

The lowest cost of delivering a product to n from i, unconditional on the value of the second lowest

cost, is distributed according to

G̃j1ni(c1) = G̃jni(c1, c1) = e−T
j
i (cidni)

−θcθ1

The probability that the lowest cost is that of a producer from i is obtained by integrating over all

values of Cjn for which i is the low-cost provider:

πjni = −
∫ ∞

0

∏
m6=i

G̃j1nm(c)dG̃j1ni =
T ji (cidni)

−θ

Φj
n

,

where the negative accounts for the fact that G̃j1ni is a complementary CDF.
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D.2.3 Result 3

Though tedious, it is straightforward to show that

Pr(Cj1n > c1,C
j2
n > c2|Cj1n = Cj1ni )

=
1

πjni

∫ ∞
c2

∏
m 6=i

G̃j1nm(c)dG̃j1ni(c) + (G̃jni(c1, c2)− G̃jni(c2, c2))
∏
m 6=i

G̃jnm(c2, c2))


= G̃jn(c1, c2)).

D.2.4 Result 4

The joint pdf of Cj1n and Cj1n is

gjn(c1, c2) =
∂2G̃jn(c1, c2)

∂c1∂c2
= θ2(Φj

n)2(c1c2)θ−1e−Φjnc
θ
2 .

The distribution of the ratio Cj2n /C
j1
n , conditional on Cj2n = c2, for 0 ≤ Cj1n ≤ c2 is given by

Pr(Cj2n /C
j1
n < m|Cj2n = c2) = Pr(c2/m < Cj1n < c2|Cj2n = c2)

=

∫ c2
c2/m

gjn(c1, c2)dc1∫ c2
0 gjn(c1, c2)dc1

=
cθ2 − (c2/m)θ)

cθ2

= 1−m−θ.

Since the distribution, conditional on Cj2n = c2, is independent of c2, the unconditional distribution

is identical.

D.2.5 Result 5

First, it is useful to derive an expression for the expectation, E[(pjn)1−σ]. From (10),

pjn = Cj2n ·min
{

1, m̄Cj1n /C
j2
n

}
.

Using this along with the distribution of Cj1n /C
j2
n , derived above, the expectation can be expressed

as

E
[
(pjn)1−σ] = E

[
(Cj2n )1−σ] (1− m̄−θ) +

∫ ∞
m̄

E
[
(m̄Cj2n /m)1−σ] θm−θ−1dm

= E
[
(Cj2n )1−σ]((1− m̄−θ) +

θ

1 + θ − σ
m̄−θ

)
,

where the last step uses the fact that the distributions of Cj2n and Cj1n /C
j2
n are independent.
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Using the expression for the joint distribution of Cj1n and Cj2n derived above, the unconditional

distribution of Cj2n can be derived:

gj2n (c2) =

∫ c2

0
gjn(c, c2)dc

= θ(Φj
n)2c2θ−1

2 e−Φjnc
θ
2 .

Using this, E
[
(Cj2n )1−σ

]
can be expressed as

E
[
(Cj2n )1−σ] =

∫ ∞
0

c1−σ
2 gj2n (c2)dc2

=

∫ ∞
0

θ(Φj
n)2cσ+2θ

2 e−Φjnc
θ
2dc2

= (Φj
n)

σ−1
θ

∫ ∞
0

x
1−σ+2θ

θ
−1e−xdx

= (Φj
n)

σ−1
θ Γ

(
1− σ + 2θ

θ
− 1

)
,

where Γ(·) is the gamma function. Thus,

E
[
(pjn)1−σ] =

(
1 +

σ − 1

1 + θ − σ
m̄−θ

)
Γ

(
1− σ + 2θ

θ
− 1

)
(Φj

n)
σ−1
θ

≡ γ̂1−σ(Φj
n)

σ−1
θ

Define the pdf for the price of product j in n as f jn(p). It is useful to relabel a product by its

realized price in n rather than its original label j. In this case, (6) can be expressed as the integral

overall all possible prices, weighted by the measure of products which have each realized price:

P 1−σ
n =

∫ ∞
0

p1−σ
∫ J

0
f jn(p)djdp

=

∫ J

0

∫ ∞
0

p1−σf jn(p)dpdj

=

∫ J

0
E
[
(pjn)1−σ] dj

= γ̂1−σ
∫ J

0
(Φj

n)
σ−1
θ dj

≡ γ̂1−σΦ
σ−1
θ

n .
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D.2.6 Result 6

Using (5) and the expressions above for the values of E
[
(pjn)1−σ

]
and P 1−σ

n , the expected value of

expenditure by n on a product is given by

E
[
Xj
n

]
= E

( pjn
Pn

)1−σ

Xn


= E

[
(pjn)1−σ] Xn

P 1−σ
n

=

(
Φj
n

Φn

)σ−1
θ

Xn.

D.2.7 Result 7

The expected value of profits for the low-cost provider of a product to n is given by

E
[
Πj
n

]
= E

(1− Cj1n

pjn

)(
pjn
Pn

)1−σ

Xn


= E

[
Xj
n

]
− E

[
Cj1n

pjn
(pjn)1−σ

]
Xn

P 1−σ
n

.

Following closely the proof of result 5,

E

[
Cj1n

pjn
(pjn)1−σ

]
=

∫ m̄

1
E
[
m−1(Cj2n )1−σ] θm−θ−1dm+ m̄−1

∫ ∞
m̄

E
[
(m̄Cj2n /m)1−σ] θm−θ−1dm

= E
[
(Cj2n )1−σ]( θ

1 + θ
(1− m̄−θ−1) +

θ

1 + θ − σ
m̄−θ−1

)
=

θ

1 + θ
E
[
(Cj2n )1−σ](1 +

σ − 1

1 + θ − σ
m̄−θ

)
.

Thus,

E
[
Πj
n

]
= E

[
Xj
n

]
− θ

1 + θ
E
[
Xj
n

]
=

1

1 + θ
E
[
Xj
n

]
.
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