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Abstract

Identification through heteroskedasticity in heteroskedastic simultaneous equations mod-
els (HSEMs) is considered. The possibility that heteroskedasticity identifies the structural
parameters only partially is explicitly allowed for. The asymptotic properties of the iden-
tified parameters are derived. Moreover, tests for identification through heteroskedasticity
are developed and their asymptotic distributions are derived. Monte Carlo simulations
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nally, the approach is applied to investigate the relation between the extent of economic
openness and inflation.

JEL code: C30
Key words: Heteroskedasticity, simultaneous equations models, testing for identification,
Davies’ problem

!The research for this paper was partly carried out while the first author was a Bundesbank Professor
at the Freie Universitat Berlin. Financial support was provided by the Deutsche Forschungsgemeinschaft
through SFB 649 “Economic Risk”.



1 Introduction

Identifying the parameters in a simultaneous equations model (SEM) is typically a crucial
step when employing SEMs for economic analysis. The identifying assumptions are often
controversial and sometimes economic theory does not provide sufficiently many restric-
tions to fully identify all parameters. Econometricians have responded to this problem
by developing methods for partially identified models (e.g., Phillips (1989), Choi and
Phillips (1992)) or techniques for integrating extraneous information, e.g., in the form
of extraneous instruments (e.g., Judge, Griffiths, Hill, Liitkepohl and Lee (1985)). The
latter approach has the drawback that the instrumental variables (IV) may be weak which
severely hampers inference. The weak instrument problem was pointed out by several au-
thors (e.g., Staiger and Stock (1997), Dufour (2003)). One response has been to develop
identification robust methods (e.g., Beaulieu, Dufour and Khalaf (2013), Doko Tcha-
toka and Dufour (2014)). Another option is to consider other types of information or
data features such as heteroskedasticity or non-Gaussianity for identification (e.g., Lew-
bel (2012), Klein and Vella (2010), Farré, Klein and Vella (2013), Rigobon (2003), Lanne
and Liitkepohl (2008)). In fact, Lewbel (2012) traces back related ideas to the work of
Wright (1928).

In the present study we focus on heteroskedastic SEMs (HSEMs) which are identified
through (conditional) heteroskedasticity while explicitly allowing for partial identification.
In other words, only a subset of the structural parameters may be identified through het-
eroskedasticity while the remaining parameters may not be identified at all. A number
of studies consider point inference in fully-identified HSEMs (see Klein and Vella (2010),
Lewbel (2012), and Milunovich and Yang (2013) among others). However, in practice only
a subset of the parameters in a HSEM can be identified through heteroskedasticity when
an insufficient number of structural innovations exhibit heteroskedasticity. Therefore,
in this article, we examine the partially-identified HSEM in the framework of Gaussian
quasi maximum likelihood (QML), where only some of the structural equations are point
identified. Within this context, a sequential procedure is proposed to estimate the iden-
tified equations. We find that the estimators of the identified parameters are consistent
and asymptotically normal. Our simulation experiments indicate that the QML estimator
performs well in finite samples and its root mean squared error decreases when the sample
size Increases.

Given that the question of which of the parameters are identified is central in our



approach, we also develop tests for identification. More precisely, we consider tests for
the heteroskedasticity rank of a HSEM which is a measure for the heterogeneity in the
second moments of the structural errors and turns out to correspond to the number
of structural equations which can be identified via heteroskedasticity. The tests are an
instance of Davies’ testing problem, where nuisance parameters are present only under the
alternative hypothesis. We use the methods suggested by Hansen (1996) and Andrews and
Ploberger (1994) to construct suitable tests for our purposes. In particular, the asymptotic
null distributions of sup-LR and sup-LM test statistics for the hypotheses of interest in
the present context are derived. In addition we propose a pragmatic residual-based test to
sequentially determine the heteroskedasticity rank of HSEMs. Our simulation experiments
show that the asymptotic null distributions of the tests are good approximations to their
finite sample distributions, and that the tests exhibit powers which increase with the
sample size.

Our approach is closely related to the methods used by Lanne and Saikkonen (2007)
and Liitkepohl and Milunovich (2016) in a time series context for estimating a multivariate
factor GARCH model and for testing identification in structural VAR-GARCH models,
respectively. Although our approach is applicable to time series data, it is tilted towards
cross-sectional data and does not cover the GARCH-type conditional heteroskedasticity
considered by Lanne and Saikkonen (2007) and Liitkepohl and Milunovich (2016). Nev-
ertheless, it does cover a wide range of conditional variance specifications. Our results
complement the latter papers. We also present Monte Carlo evidence that our asymptotic
results are a good indicator for the small sample properties of the estimators.

Our approach is statistics-based and does not depend on a priori economic restric-
tions on the parameter space, but instead relies on statistical properties of the model.
Of course, economic information is still needed to interpret the equations and parameters
properly. If the economic theory does not provide a fully identified model, the identi-
fying restrictions from heteroskedasticity may complement the economic information. If
the combined information from economic theory and heteroskedasticity is overidentifying,
the restrictions can even be tested against the data. In particular, if the HSEM is fully
identified through heteroskedasticity, any additional restrictions from economic consider-
ations can be tested with statistical tools. Specifically, competing economic theories can
be tested against the data if identification is provided through heteroskedasticity. We will
illustrate the usefulness and significance of our approach by reconsidering the problem of

whether openness of an economy has an impact on inflation. This issue has been studied



by Romer (1993) who argues that openness reduces inflation. Using our approach we can
resolve endogeneity problems in his study.

The structure of our study is as follows. In the next section we present the model
setup and in Section 3 we discuss estimation procedures and asymptotic properties of
the estimators. Testing the heteroskedasticity rank is considered in Section 4 and small
sample Monte Carlo results are presented in Section 5. Section 6 considers the empirical

illustration and Section 7 concludes. All proofs are collected in the Appendix.

2 The Model

We consider the structural-form simultaneous equation model
Ay, = Cx; + g, i=1,...,n, (1)

where 7 is the observation index, n is the number of observations, y; and x; are K and
K, dimensional observable vectors of endogenous and exogenous variables respectively, A
(invertible) and C' are coefficient matrices of dimensions K x K and K x K, respectively.

The K-dimensional structural error vector ¢; is assumed to have the following properties:
E(e;|W;) =0, var(g;|W;) = H; (2)
where W is the set of all observable exogenous or predetermined variables (including z;),

A 0
0 IK—’/‘

Hi = y AZ :diag[oii,...,az], ]E(AZ) :Ir‘7

T
U,f’i = exp{ Fy(z;, Br)} with z; € W,;. The function Fy(z;, 5x) is twice continuously differ-
entiable with respect to f; for k = 1,...,r and 0 < r < K. Note that H; = A; when
r =K and H; = Ix when r = 0.

Our model allows for the possibility that K —r of the structural errors are homoskedas-
tic and r errors are conditionally heteroskedastic. The structural form is set up such that
the first r errors are (conditionally) heteroskedastic while the last K — r errors are (con-
ditionally) homoskedastic. The standardization of the conditional variances of these last
errors to be one does not entail a loss of generality because we do not impose restrictions
on the structural coefficient matrix A. In particular, the diagonal of A is not normalized
to be a unit diagonal. Thus, the K equations in may not directly provide economically

meaningful interpretations. In practice, however, there may be restrictions or at least some
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features of the structural parameters that make the equations structurally interpretable.
We explicitly do not impose such restrictions at this point because we are interested in
studying to what extent identification comes from conditional heteroskedasticity and how
much is needed in addition from other sources. If all parameters turn out to be identified
through conditional heteroskedasticity, then any other identification restrictions become
overidentifying and can be tested against the data. This is an important advantage of
our approach, provided that there is enough identifying information from the covariance
structure.

Our main interest is in the cases with 1 < r < K — 1, where only a subset of the
parameters in and is point identified. We assume that the conditional variances
in A; are linearly independent, and will call » the heteroskedasticity rank. The struc-
tural error ¢; can then be written as ¢; = Hz-l/ 277i, where the standardized error satisfies
E(n;|W;) = 0 and var(n;|W;) = Ix. Note that in this setting the unconditional variance
of €; is normalized as the identity matrix, i.e., var(e;) = I.

The reduced-form for model is given by
vi = Dx; + u;, u; = Be;, D = BC, B=A" (3)

The unconditional variance matrix of the reduced-form error is var(u;) = Q = BB'.
The parameters of the reduced-form model, D and €2, can be consistently estimated by
ordinary least squares (OLS) applied to each equation separately.

Following Lanne and Saikkonen (2007) and Liitkepohl and Milunovich (2016), we use
the partitioning B = [By, Bs], where By and Bj are respectively the first 7 columns and

the last K — r columns of B. Conformably, A’ = [A}, A}]. As u; = Bie"™ 4 Byl

7
(1er
7

where ¢ ) and 5ET+LK) denote respectively the first  and the last K — r elements of &;,

the conditional variance of wu; is

For Gaussian quasi maximum likelihood (QML) estimation, the conditional probability

density function (pdf) for the reduced-form error u; = y; — Dx; is given by

1
pdf(w;|W;) = (27)~ 2 det(2:) 2 exp {—ﬁu;Qi—lui} .

Because det(£);) = det(Q)det(H;) and Q;' = AH;'A = Q7' 4+ A)(A;! — I)A;, the



conditional pdf becomes
pdf(u;|W;) = (2m) 2 det(Q) 2det(A;) "2
1 1

X exp {—éu;Q_lul} exp {—éu;A’l(Ai_l — Ir)Alu,} , (4)
which is also valid for r = K with A; being equal to A. If r > K — 1 and the conditional
variances are not proportional, then A is fully identified (see Milunovich and Yang (2013)).
However, for r < K — 1, A, is unidentified as it is absorbed into €2. Thus, if r < K — 1,
the structural form is only partially identified. More precisely, only the parameters in the

first r quations are identified by heteroskedaticity if the heteroskedasticity rank is less
than K — 1.

3 Estimation

The log quasi likelihood (apart from the constant £nK In(27)) is given by
K 1
L, = —”T In|Q - 5 ; {u;srlui Fln A+ wl AL (A — [r)Alui], (5)
where In denotes the natural logarithm. At this point we assume that D is known or
u; is observable. We will show later on that our results hold when wu; is replaced by the

reduced-form OLS residual 4;. For any given (Ay, f1,. .., 3,), where [3; is the parameter

vector in o} ;, is maximized by Q = n~! Yo, uguy. Substituting Q into yields

nk A N —
Lo = 2+ 1)+ 25 b, 6
0+ )+ 530 )
1 n
len = - Z [ln(a,z,i) + ajuiujag(og; — 1)}, k=1,...,r
i=1
where a}, is the k' row of A;. The estimators of (Ay,Bi,...,3,) are the maximizers of

@, subject to the restriction AlﬂA’l = I,.. With this restriction, @ is also valid for the
case where r = K. The estimators of (A4, f1,...,[,) are the maximizers of (@ They
may be obtained by maximizing ¢, for £ = 1, ..., 7 sequentially. In a time series context,
Lanne and Saikkonen (2007) sequentially maximize ¢y, to obtain starting values for the
overall maximization of their quasi likelihoods. Our setup differs from their setup in that
the parameters in a; are variation free from those in 0,3’7;. Thus, sequential maximization
of the ¢, results in the overall maximum.

We now describe the estimation procedure and show that the estimators obtained are

consistent for the columns of A} and g = [#,...,[.]" at the true parameter point.
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3.1 Estimation Procedure

First, we estimate (a1, 1) by maximizing ¢1,. For a given o7, (or ), the quadratic
form ajn=ty ", ulug(crl_l2 — 1)ay, with the restriction /Qa; = 1, is minimized by the

eigenvector a; associated with the smallest generalized eigenvalue fi; in
(W1, — 1 Q)as = 0, (7)

where Uy, = n '3 wui(or; — 1) and ,Qa; = 1. Then, the concentrated objective
function

gln ﬁl ___Zln Ulz /llu

is maximized, where both oy, and fi; are functions of ;. The estimator of f; is Bl =
arg maxg, {1,(01). The estimator of a;, denoted as ay, is the eigenvector obtained from
1’ where all unknown quantities are evaluated at g, = Bl. For a given Sy, a; is
completely determined by @ Hence, the evaluation of ¢;,(8) may be carried out
in two steps: (a) the smallest eigenvalue fi; from is computed for a given fy; (b)
l1(B1) = —nt 300 In(oy,;) — i1 is computed. The numerical maximization is done over
the space of 3; only.

Once (ay, Bl) are obtained, the estimators of (ag, f2) are the maximizers of /5 ,,, subject
to the restrictions a}Qa; = 0 and a4Qa; = 1. Let the matrix [a;, Q2] contain all the
eigenvectors of @ evaluated at 3;, where Q, is a K x (K —1) matrix satisfying dIIQQQ =0
and Q’QQQQ = Ik 1. To implement the first restriction, as is written as as = QQ2p2, where
p2 is a (K — 1)-dimensional vector satisfying phps = 1. The objective function can then
be expressed as

n

1 _
b = —— 3 [n(03,) + ph Qb Qapa(o3? — 1)

n <
=1

For given 03, (or ), the quadratic form phQhuu;Qap2(0y; — 1), subject to phps = 1, is

minimized by the eigenvector ps associated with the smallest eigenvalue fio in

(Q/Q\IIZTLQQ - M2]K—1)P2 =0, (8)
where Wy, = L 3™ w;u/(0,7 —1). Then the concentrated objective function
o) =~ 3 (o) -
2,n\M2) — E - n{oy,; H2



is maximized to obtain the estimator BQ = argmaxg, {5 ,(52). The restriction ay = Q2p2
ensures that fis > i at the maximizer 8,. Let the matrix [p2, R3] contain all the eigen-
vectors of @ evaluated at BQ and let Q3 = Qo R3. Then, az should be estimated from
the space spanned by @3, i.e., a3 = Q3p3. This way, we can further estimate (ay, i) for
k =3,...,r. The last column of A} is estimated by a, = Q,p,. Let the matrix [p,, R, 1]
contain all the eigenvectors of the r** eigen equation evaluated at BT. It follows that
/1’2 = @ry1 = Q.R,;1 estimates the space spanned by A). In the case of r = K — 1,
the model is fully-identified and [aq, ..., a,, 1212] estimates all columns in A’. We reiter-
ate that this sequential procedure is equivalent to simultaneously maximizing @ over
(A1, B, ..., Br), subject to the restrictions AlflA’l = I,. We summarize the estimation

procedure as follows.
(a) Set k=1 and Q; = Q=2 which is the upper triangular Cholesky factor satisfying
QQ =€

(b) Find f; = arg maxg, { =23 In(of,) — fi} over the space of §, where fi is the

smallest eigenvalue in
(Qe¥hnQr — k1) p=0 with =— Z w07 F

Find ap = Qpr, where py is the eigenvector associated Wlth the smallest eigenvalue
i1, evaluated at Bk Set Qr+1 = QrRri1, where the columns of Ry, are eigenvectors

associated with the K — k largest eigenvalues evaluated at Bk

(¢) If k <r, set k=4k+1and go to (b). Otherwise, set Ay = Qp41 and stop.

We note that this procedure is valid for all r, 1 <r < K.

3.2 Consistency

To examine the asymptotic behavior of the QML estimator of § = [vec(A}), By, ..., L],
we list a set of assumptions below. We define fi; = 0F}(2;, fx)/0Bk and we use an in-
nermost subscript 0 to indicate that the associated quantities are evaluated at the true
parameter point 6. For instance, og; ; is o} ; evaluated at 6, and ag is the kth row of

Ap;. Furthermore, we define J; to be the sigma-field generated by {(W;,u;) : j = 1,...,i}.



Assumption A

A1 The observable arrays {y;, W;}!_, are drawn from the data generating process (DGP)
specified in equations ([I])-(2).

A2 The standardised errors 7; = Hi_l/ 251~ are independent draws from a distribution
with mean zero and variance I. The elements of W, have finite second moments.

The matrix E(x;z}) is of full rank.

A3 The arrays {y;, W;}?_, are independent across i for cross-sectional data, or are
strictly stationary and ergodic for time series data (or for panel data in the time

dimension).

A4 In a neighborhood of the true parameter point 6y, Ny,, the log conditional variance
Ino}; = Fi.(2, Bx) is bounded by a function g(-) such that Supy, |Fr(2i, Br)| < g9(2)
for k € {1,...,r}. Further, Eg(z), E[uju; exp{g(z)}], and E[z}z; exp{g(z;)}] are
finite.

A5 Let v; be a K,-dimensional F;-measurable random vector. For any K ,-dimensional

constant vector ¢ # 0,

(i) E(cv;|F;-1) = 0;

(i1) E[(max;<, |c'v;])?]/n is finite uniformly over n;
(i) max;<,, |¢'v;|/n'/? & 0;
(

iv) > (dv;)*/n converges in probability to a positive constant.

Here, A1 simply asserts that the model considered is the data generating process. A2
and A3 are needed for applying the weak law of large numbers (WLLN) to the second
moments of the data. A3 and A4 are technical conditions that enable us to apply a
uniform WLLN to ¢ ,. A5 spells out the requirements for applying the central limit
theorem (CLT) of McLeish (1974) to the vector v; via the Cramér-Wold device (Cramér
and Wold (1936)). In our context, v; will be either vec(u;z}) or the score of the log quasi
likelihood, which involves quantities (Jo_k%i — Dusulag, and (1 — ngz’ia{)kuiu;ao;g) fori- In
A5, with v; being either vec(u;z) or the score, condition (i) holds for cross-sectional data
when the data are random draws from a population and (i) holds for time series data

quite generally. The following proposition states the consistency of our estimators under

Assumption A.



Proposition 1. If Assumptions A1-A4 hold and A5 holds for v; = vec(w;zl) and for
v = vec(ui:z:;)a,;l? in Ny,, the estimators (dk,Bk) for k = 1,...,r obtained from the

sequential procedure described in this section are consistent in the following sense:
5 P P o —
Br = Bouy.s ay — +ag, =1,...,rm

where (aoy, , Bo, ) are the true parameters associated with the L™ equation in model , and
l, € {1,...,r}. Further, the order of ly is determined by Eln(aglk’i), i.e., Eln(aglhi) <
Eln(og,,) < --- < Eln(og, ;). The above results also hold when u; is replaced by the

reduced-form residual ;. O

The proposition is proven in the Appendix. There are two notable features in Propo-
sition 1. First, a; is consistent for a row of Ay up to the scale 1. This feature reflects
the fact that the model described by and can only define each row of Ag; up to
the scale 1, as multiplying a row of Ag; by —1 will lead to an observationally equiva-
lent system. Second, the estimators (a, Bk) are consistent for the true parameters in the
equation with the k" smallest mean of the log conditional variance (k € {1,...,7}). Put
differently, a; is a consistent estimator of the row in A, with the £™ smallest mean log

conditional error variance.

3.3 Asymptotic Distribution
In what follows, without loss of generality, we assume that
Eln(‘ﬂ%l,i) < E1n<082,i) <-- < E1n<0(2)r,i)7

ie., is arranged such that the mean log conditional variance of the first equation is
the smallest and that of the r*® equation is the largest. As mentioned before, there is
an indeterminancy of Aj, in the model (multiplying —1 to a column of Aj, gives rise
to an observationally-equivalent system). To avoid this indeterminacy, without loss of
generality, we define the columns of Af;, as the probability limit of the QML estimator
[a1,...,a,]. Let 5 =[B1,...,0.]" with dimension Kz and 6 = [vec(A}), f1, ..., [’ with
dimension Ky = rK + Kz. We write the Lagrangian for the maximization of the log

likelihood in @ as
1 — - 1 .
L, = —5 ZZI (In|A;| + wj AV (AT = ) Ayuy) + é,u'vech(AlQA’1 — 1),

= L.(6) + 0(6), (9)
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where ¢(0) = %Vech(AlflA/l — L), 1 = (a1, ooy oy 022, « -+ M2y - -« o] 1S the vector of
Lagrangian multipliers, which can be viewed as the vectorization of a symmetric (r x r)

matrix.

To find the derivatives of L,, and the Jacobian of ¢(f), we note that

WA AT = L) A = vec(AD) (A7 = 1) ® wal) vec(AY),
p'vech(AQAY) = 1/Dfvec(AQAL) = vec(M) vec(A;QA")
= tr(MA,QA)) = vec(A}) (M @ Q)vec(A)),
(M@ Q)vec(A) = (I, @ QA )veec(M) = (I, @ QA)DH 1,

where D" = (D! D,)"'D’. and D, is the r* X (r + 1)r/2 duplication matrix, defined such
that D, vech(V) = vec(¥) for any (r x r) symmetric matrix ¥, and M = [my;;] is a (r x r)
symmetric matrix with entries being m;; = p,; if ¢ = j and m;; = 5,5 if i > j. The first
derivatives of L,, are given by

0oL, .
8\766—14/ = ——Z < ®uu)VGC(A&)-F([T@QAQ)@TM;L,

. (1-— (7“czluual)f1Z

oL, 1

aﬂ N _% i=1

(1-— am aruwar) fri

The second derivatives of L, are given by

82Ln :—li<(A-1—])®U‘U{)+(M®Q)
Ovec(A])0vec(A}) n ! " o ’

=1

0L 1 — alf{’i o ’
— " - At ! : :
Ovec(A))IB  n Z( i @) : : ’
i=1
0 - af
. (1— oy fdiuujar)df1:/ 0 (o 2ahusufan) frifi
= Z diag : + :
8&8,@’
(1 - Urz arulu a’">8f7"l/aﬁ/ (Urz arulu ar)fr lfrz

We denote the negative score by S, (0) = —n~'V,yL,, the negative Hessian by .J,(0) =

11



—n"10%L,, /0000, and Jy = EJ,(6y). It can be verified that

Joi1 Jo2

/
Jo12  Jo22

Jo =

(A —1,) @ BoHo By —(Ay;' ® BoHo; By)diag(aoy fiy .- - - » aor i)
J(l),u %diag(fouféua R for,z‘fér,i)

- E .(10)

When Jj 99 is invertible, Jy is invertible if and only if Jy11 — Jo12J;. 212J(’]712 is invertible.

The latter quantity can be expressed as

Jot = JosaTi Ty = (I © Bo) (E[(AG! — L) ® Ho] — 2diag(Gh, .., Gy) ) (I, © By),
where Gy, = efcef/E( fors) [E(for,i fir.s)] " E(fori) and €f is the & column of I for k €
{1,...,r}. The k" (diagonal) block of E[(Ag;' — I,) ® Hy] is

E[(oge; — Ddiag(0g ;.- 0001, 1)], ke {l,....r},

which is a diagonal matrix with one zero at the k' diagonal position. Therefore, when
Jo,22 1s invertible and E( for;) # 0 for every k, Jy is invertible. However, J, is not positive

definite. The negative score at 0 is given by

oL, [ ((Aail -I)® uiu;>vec(A’01) ]
_8V60<A/1) IRS 1 ¢ %(1 - J(;l%iaé)luiu;aﬂl)fm,i
Sn(e()) — aLn - ﬁ 2 si(Qo) = E ZZI : ,
)
’ " i %(1 - U&?ﬂf)ruiuéﬁloﬁfom

where s;(6p) is defined as

[ <(A&1 ~1)® uzu;> vec(Ap,) |

11— gal%iagluiugao1)f01,i

Si(eo) = 2

% (1 - O-O_r?iai)ruiuéam)fﬂr,i

It can be verified that E(s;(6y)) = 0.

There are K4 = r(r + 1)/2 restrictions in ¢(#). We write ¢(0)" = [¢1(0), ..., ¢k, (0)]
and ®(0) = Voo (0)' = [Ved1(0), ..., Vodk,(0)], where Vo = 2. From the first derivatives
of the Lagrangian L,,, the Jacobian of the constraints is seen to be

I, @ QA)) DY
0(0) = Vaoioy = | OO

12



where 0 denotes a K x K, zero matrix. The Taylor expansion of ¢(é) =0 at 0y gives
0 = ¢(6) = ¢(6) + ()" (6 — bo) = D(6)'(6 — o),

where 6 is a point between § and 6. This implies, as n — oo, (ID(HO)’\/ﬁ(é —6) 50, ie.,
the asymptotic variance of \/ﬁ(é—eo) is singular. We describe the asymptotic distribution

of § in the following proposition.

Proposition 2. Suppose that the assumptions in Proposition[]] hold. Assume further that
A5 holds for v; = s;(0) and that E( forifor;) is of full rank for k=1,...,r. Then,

~

V(6 — 65) % N(0, %),
where the asymptotic covariance matriz is
By = Po (Ph JoPor) T PG, BsPor (Ph, JoPor) ™ Py,

Yg = Var(\/ﬁSn(Qo)), Oy = (0y), and Py, is the orthogonal complement of ®g (i.e.,
O, Py = 0 and [Poy, Do) is invertible). The above results also hold when w; in s;(6y) is

replaced by ;. O

The proposition is proven in the Appendix. Note that the asymptotic covariance Y
is of reduced rank. Its rank is at most that of ®q,, rK —r(r +1)/2 + Kz. When Jy is

invertible (which requires E( fox;) 7 0 for all k), it can alternatively be expressed as
So = [Jo " — Jy ' @o(RhJy Do) Oy B [yt — Ty 0o (P) Ty Po) T YTy

This formula can be used when Jy is singular, by replacing Jy with Jo. = Jy + ©o Py,
as suggested by Silvey (1959). It can be shown that the above formula with Jy, is also
equivalent to the formula given in Proposition [2| (see Lemma [3|in the Appendix and note

~

that @), Jo+Po1 = @}, JoPo1 ). The matrix ® is naturally estimated by ®(6), i.e.,

(I, ® QA D
0

®(0) =

Furthermore, ®4, can be estimated explicitly as

R I, A)D,, (I,®A) 0
CIM(@) _ ( ® 01) 1 ( @2 2) , 7
K

13



where D, is the orthogonal complement of D,. When r =1, @(é) and ® L(é) simplify to

X Qa A A, 0
o@) = | | and @)=
0 0 Ik,

When r = K (with A; = A), ®(0) and &, (f) become

A Ik @ QANDY A Ix ® A)D 0
o) = | U e T T P Rt

0 0 Ik,

It can be shown that ®f, Jo®o, is block diagonal and positive definite when .J; 2o in ((10))
is invertible (see Lemma (1| in the Appendix). The structure of D, is also given in the
Appendix.

Under the assumptions of Proposition , the asymptotic covariance matrix of S, (6),
Y, is consistently estimated by the outer product form Yg = n=! 37 s:(0)s;(0). Hence,

the asymptotic covariance of 6 is consistently estimated by
Sp =Dy (¥ D) NP (D) JDL) I, (11)
where &, = (I)L(é), and

Ly~ (A= 1) ® i ~(A @ ud)diaglar fi. - arfly)
i=1 —(Ai_l ® u;u;)diag(fiay, - - -, fria;) %diag(fl,if{,ia “ee >fr,if1£,i)

evaluated at 6. This is clearly a “sandwich” form that takes into account the singularity
of Xg.

For a heteroskedasticity rank r < K — 1, the following proposition shows that flg, as
defined in the estimation procedure at the end of Section 3.1, converges to a rotation of

Ags at the rate of n=1/2,

Proposition 3. Suppose that the assumptions of Proposition[q hold. Assume further that
A5 holds for v; = vech(u;u; — Qo). Then, Ay is asymptotically normal and its distribution

18 determined by

~

Vi(dgds" = Ayg) = = A (AQAG) i | (Ar = Ag) + Aoy (2 — Qo) A,

where fl’l = lay,...,a,] and dy = (AOQQOA’Q). This result also holds when u; is replaced by

U; 1n computing Q. O
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This proposition is also proven in the Appendix. We note that dy does not necessarily
converge to an identity matrix because A{, is not identified and 121’2 can only estimate
the space spanned by the columns of Aj,. Because dy is unknown in practice, this result
cannot be used for point inference about Ags. However, it can be used to make inference
about the space spanned by the columns of Aj,. In particular, Proposition [3| implies that
Agu; = dyAgyu; + Oy (n=2) Agru; = dbe" ™) + 0,(n=1/2)e"") | which will be used in the

residual-based heteroskedasticity rank test discussed in Section 4.

3.4 Inference about Coefficients on z;

As A, and D are consistent estimators of Ag; and Dy = Ay 1Cy respectively, the first r
rows of Cy, denoted as Cy;, can be consistently estimated by C’l = Alﬁ Given the joint
asymptotic distribution of (Al, ﬁ), the delta method delivers the asymptotic distribution
of C’l.

Proposition 4. Suppose that the assumptions of Proposition[q hold. Then, the asymptotic
distribution of Cy is given by

Vnvee(C) — C!,) L N(0,TET),

where T = [(I, ® D'),0,(A; ® Ig,)] is the Jacobian of C, = D'A} with respect to
[0, vec(D")']" with 0 being a rK, x Kg zero matriz corresponding to the [By, ..., 0] part
of 0, and ¥ is the joint asymptotic covariance of \/n[(0 — 0,),vec(D' — D})']'. O

The joint asymptotic covariance of \/ﬁ[(é — b)), Vec(f?’ — D{)"]" may be estimated by

S Al@ AOD : (12)
6p 2D

where 3 is given by ,

1 — -1l |1
[K®<E;ZUZ£E;> ][ﬁ; U, @ 2,0

Yp =

1K®( me) ]

i=1

Sop = (ih(‘i)lj‘ih 1<I>’ [ ZSZ vecxu]

IK®< sz) ]

For K =1, S p is the conventional heteroskedasticity-robust variance estimate in a scalar
linear regression model. Clearly, the asymptotic covariance of /nvec(C| — C!,) is esti-
mated by 3¢ = T8I with T = [(I, ® D), 0, (A, ® Ix,)]. Inference on Cy; proceeds in a

standard manner.
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4 Testing for the Heteroskedasticity Rank

For the model defined by and (2)), a key parameter is the heteorskedasticity rank r,
which is the number of linearly independent conditional variances in the structural error
g;. It determines the number of rows in A that can be consistently estimated. Given
the importance of the heteroskedasticity rank in our model, we now consider testing
hypotheses about r. Specifically, we derive tests for the pair of hypotheses Hy : r = rg
versus Hy : r > ro. Under Hy, the parameter [, is constrained at a particular point
Bu,, typically zero, such that O'ZVZ- = 1. Hence H is equivalent to S = g, for all

ke {ro+1,...,K}. Under Hy, the criterion functions

n

Cen(Bry ag) = —% ZZI [ln(a,{f:’i) + apusuiag(o,; — 1)], k=ro+1,...,K,
are equal to zero and unrelated to A, = [a,y41,-..,ak]. Thus, Ay is unidentified under
Hy, although A;QA, = 0 and A,QA!, = Ix_, must hold for A] = [ay,...,éy,]. This
falls into the class of testing problems considered by Davies (1977, 1987), where the
nuisance parameter A, is present only under H;. Davies’ problem in general settings is
considered by Hansen (1996) and Andrews and Ploberger (1994, 1995). We use these
ideas to develop likelihood based tests in the following. As these tests may be difficult

to implement in practice, we also consider simpler residual-based tests which are easy to

conduct in practice.

4.1 Likelihood-Based Tests

In what follows, let k = rq 4+ 1 and denote the parameter space of a; as Il = {a :
a = Qp, p'p =1}, where Q) = 121’2 Under Hy, Lemma 4| in the Appendix shows that
IT; converges in probability to o, = {a : a = Alyp, p'p = 1} in that ApQQr = 0
and ApQQ, 2 0, where § is an orthogonal matrix. Here, k., implicitly depends on
0 = [vec(A), B, ..., A;O]’ as II;, depends on 6.

The likelihood ratio statistic is the sup-LR test discussed by Hansen (1996) and An-
drews and Ploberger (1995). In our setting, it is simply the maximum of nfy, (5, ax),

supLR, = max nly,(fk,a) = max {— Z [ln(azﬂ-) + d'wiuja(o,; — 1)} } ,

Br,a€lly Br,a€lly —
1=

which is readily obtained from the procedure discussed in Section 3. We also define
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supL M, = sup,cpy, LM, (a) with LM, (a) = n8(Bu,, a)' [Va (B, a)]718(Buy, a),

Sn(Bk, a) = Hin _ %Z (1 = opfd'wua) fis,
=1

9Pk

and
n

Vo Bk, a) = %Z (1 — 04 20 ugul a) frifri

i=1
where a € TI;. Under Hy, we find that, at 6y (the true parameter point of the first rg
equations in (1)), EV,(B8g,,a) is positive definite and

Sn(Bry, a) = E(1 — p' Agpusu; Ayp) fory = E(1 — PIEETOH:K)S TR p) fori # 0

for any a € Ilg, as €ETOH:K)

is heteroskedastic. It follows that supLM, diverges to
infinity in probability as n — oo. Under Hlj, the results of Section 3 imply that supLR,,
also diverges to infinity as n — oco. Thus, the main goal of this subsection is to find the
asymptotic null distributions of supL R, and supLM,.

For given a, = a, Bk(a) = argmaxg, {,(0k, a) is a function of a, and so are the like-
lihood ratio statistic LR, (a) = maxg, nlx,(Bk, a) and the LM statistic LM, (a). Asymp-
totically, LR, (a) and LM,(a) converge weakly to stochastic processes indexed by a.
Then the asymptotic null distributions of supLR, = maxen, LR,(a) and supL M, =
max,er, LM,(a) are the distributions of the suprema of these stochastic processes. The
general distribution theory under high-level assumptions is given by Andrews and Ploberger
(1994, 1995) for correctly specified likelihoods, and by Hansen (1996) for possibly mis-
specified likelihoods. Andrews and Ploberger (1995) show that supLR, is an admissible
test when the likelihood is correctly specified.

Andrews and Ploberger (1994) also consider the following version of the test statistic,
expLR, = (1+ c)_%Kﬁk /Hk exp (ﬁLRn(a))dW(a),

where Kp, is the dimension of £, W is a weight function over II; and ¢ > 0 is a scalar
that controls whether the power is directed toward remote (large ¢) or local (small ¢)
alternatives. Andrews and Ploberger (1994) show optimality properties of the test based
on expLR,. When ¢ — oo, expLR, is equivalent to In fHk exp (LR, (a))dW(a). The
expLR, test is closely related to the Bayes factor for Davies’ problem (see Yang (2014)).
For a correctly specified likelihood, the optimality of expLR,, carries over to the similar

version of the LM (or Wald) statistic.
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To derive the asymptotic null distribution of supL R,, and supL M, with primitive con-
ditions in our context, we apply WLLN to (J,,V,) and CLT to 8, where g, is defined
in the Appendix. The required conditions are listed below, where || - || stands for the

Euclidean norm and Ng, is a compact neighborhood of Sp, at 6p.
Assumption B

B1 A4 holds for k = rg + 1.

B2 There exist functions g;(2;) and go(2;) such that || fii fr. ;|| < g1(2:) and [|0fx:/08, ] <

g2(2;) for all gy, € Neg, - E[u;ul exp(g(zi))gg(zi)] and E[(u;uz)2 exp(2g(zi))gl(z¢)} are
finite, where g(z;) is as defined in A4. Furthermore, E(foxifg, ;) is invertible.

B3 A5 holds for v; = (1 - a’uiu;a) for,i for any a € Ily,, where for; is fi,; evaluated at
B, -

B4 A5 holds for Vec(uixg)f,gi)a,;?, Vec(ulx;)flgjz)f,glza,;? and Vec(uixg)(8f,§{;l)/8ﬁ,’c)a,;? for
all By € N, , where f,gi) is the j* element of f;,; and (‘9]”,3;.’1)/85,’C is the (j,1)®™
element of dfy /00,

Here, B1 and B2 are needed to apply the uniform WLLN to ¢ ,, and (g, V,,) respectively.
B3 allows us to apply a CLT to §,,. The effect of replacing u; by ; in our analysis becomes
negligible under B4. The asymptotic null distributions of supL R,, and supL M,, are given

in the following proposition which is proven in the Appendix.

Proposition 5. Suppose that the assumptions of Proposition[3 hold. Assume further that
B1, B2, and B3 hold. Then, under Hy,

(a) /n8u(Bu,,a) = 8(a) on a € Iy, where 8(a) is a zero-mean Gaussian process with

covariance function X(a,b) = nk [Sn(BHO, a)8, By, b)’] ;
(b) LR, (a) = 58(a)[E(for,ifor:)] '8(a) on a € oy,
(c) supLRy = supyen,, 38(a) [E(for firs)]'8();
(d) LM, (a) = 8(a)'[X(a,a)] '8(a) on a € Iy;
(e) supLM, % sup,cn, S(a)[X(a, )]~ (a).
Moreover, under B4, the above results hold when u; is replaced by ;. O
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The asymptotic null distributions of expL R, and other test statistics suggested by
Andrews and Ploberger (1994) can be readily obtained under the assumptions of the
above proposition. For example,

expLR, (1—}—0)_;[(‘%/
ok

exp (=8 (0) (B forifi. ) '8 (@) ) dW(a).

4(1+c¢)

For our setting, the covariance of 8(a) can be expressed as
K(a,b) = E[(1 — d'uzuia) for fo.:(1 — buuid)], a,b € Iy.
In particular, the variance of 8(a) can be simplified as
K(a,a) =E|(1+ (") = 2= N foifi] . o=

When the likelihood is correctly specified with n; = H[l/ %6 ~ N (0, Ik), the variance is
K(a,a) = 2E( forfiy;) and the process $8(a) [E( forqfor.:)] ' 8(a) becomes a x* process on
Iy, which is a x? random variable for any given a € Ily,. However, for the QML where
1 is non-normal, 8(a)'[E(fok,fir)] '8(a) is generally not a x> process. On the other
hand, the asymptotic version of LM, (a), 8(a)'XK(a,a)"'8(a), is always a x? process on
[Tpr. The sup-Wald statistic has the same asymptotic null distribution as supL M, when
the sandwich-form covariance matrix is used. The LM test is particularly simple for our
purpose as it can be carried out without estimating ;. The asymptotic null distribution
of supLR,, (or supLM,) depends on nuisance parameters (i.e., As). Tabulating critical
values is not feasible. Hansen (1996) suggests a simulation procedure to compute the
asymptotic p-value of supLM,,, which is summarized for our setting as follows.

For any a € Il, let v;(a) = (1 - a’uiu;a)fOk,i be the (observable) summand in
8.(Bu,,a). Draw an independent sample {w;}" ; from N(0,1). Construct the simu-
lated process 8,(a) = n~Y23"  w;(a)w;, which is a zero-mean Gaussian process with
covariance K(a,b) = n™! Yo vi(a)v;(b), conditional on F,. Find the simulated test
statistic 7)) = max,err, Sp(a)[K(a,a)]"'8,(a). Repeat this procedure N times to obtain
(TN, Compute p = NN (T > supLM,) as the p-value estimate, where 1(-)
is the indicator function.

The procedure is valid because K (a,b) 2 K(a,b) and 8,(a) = 8(a). The implemen-
tation of supL M, requires a maximization over Il for each simulated sample. Clearly,
these tests are difficult to conduct in practice. More pragmatic tests are considered in the

following.
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4.2 Residual-Based Tests

In this subsection we use the notation e\ = 70 & — ot anq 7 = K —

ro. Under Hy, Agu; = 552) is the homoskedastic part of the structural error ¢; and

E(Apouu,Ale|W;) = I does not depend on W;. Defining & = vech(Apuu,Ap,) =

vech(5§2)5§2)/), the parameter o in the “ideal” regression

& = ap + ayw; + ¢, (13)

is zero, i.e. «; = 0, under Hy. Here the regressor w; € W; is a vector of exogenous
non-constant variables and (; is the error term. The vector w; typically contains known
functions of x; or z;. Under Hy, oy = vech(l,) and ¢; = VeCh(E?)E?)/ — I.). Under Hy,
E(&|W;) contains non-trivial conditional variances of 552). Hence, the estimator of oy
converges in probability to zero under Hy, and to a non-zero constant matrix under Hy
when w; is properly chosen and correlated with the conditional variances. Thus, a Wald
test is informative on the hypothesis a; = 0. Clearly, a rejection of a; = 0 is a rejection
of Hy. However, not rejecting a; = 0 does not imply that Hy cannot be rejected, unless
cov(&;, w;) # 0 under Hj;.

As Ags is unknown, we may replace it with /212, which is defined in Section 3 (also see
Proposition . Let él = Vech(AQuiu;fl’g), where we still use u; instead of @;. The effect of

using u; will be assessed later on. We consider the feasible OLS estimator of o = [ay, o]

n " USiIlg éia

a = [ag, 0] = <iszl’> (iZiZz{>_l>
=1 im1

where Z! = [1,w}]. The asymptotic covariance of vec(&) is estimated as
1O 1
(%) e ()
(F22z) o (R

where QA} = f, — &p — qw;. Let K, be the dimension of w; and h = [0, Ix,]" such that

-1

ah = &;. Then the Wald statistic for testing a; = 0 can be expressed as
-1

Wald, ,, = n vec(ah) [ ( Zzz’) ( ZQ )] vee(@h).

An alternative regression for testing Hj is obtained by using the sum of the squared

errors 5( Ve (2) = uw, Ay Ayu; = ¢'¢; as the dependent variable. Here ¢ = [e¥,... e} 1],

where e; is the first column of I, for k € {r,7—1,...,2}. Using the univariate regression
¢S =dall,w] +d¢,
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the coefficients on w; are zero under Hy and nonzero under Hy, provided cov(¢'&;, w;) # 0.
We again substitute él for & for actually performing the regression and computing the
Wald statistic for ¢’a; = 0. The Wald statistic in this scalar regression can alternatively

be written as

n n -1
Walds,, = n (¢'Gh) [h’ (% - ZZZ;) Thed (% 3é ) q] (dah)'.
=1 i=1

This expression is useful for finding the asymptotic properties of the test statistic Walds,,

via those of &. The following proposition provides the asymptotic properties of & and the

Wald tests.

Proposition 6. Suppose that the assumptions of Proposition[3 hold. Assume further that
Vi, = E(Z;Z]) is invertible, A5 holds for v; = vec(vec(s(l)sz@)/)Z{) and v; = vec(GZ}),

where (; = Vech(gz@)gz@)/ — I..). Then the following results hold.
(a) Under Hy, ﬁvec([do, G| — My, [ay, a1]> 4, N(0,V,), where V,, = VZ_1 ® MoV M,
Ve = var((;), M, = DF (dy@dy)D,, My = DF (6'®0')D,, dy is defined in Proposition

[3, 8 is an orthogonal matriz, a; = 0 and ap = E(&;).
(b) Under Hy, Vi, 5 V,.
(¢) Under Hy, Waldy,, % x2(17(r + 1)K,,) and Waldy,, % x*(K,).

(d) Under Hy, [&o, 1] EN Mylap, aq], where oy = Ce Vit ap = E(&) — anE(wy),

Vi = var(w;) and Ce,, = cov(&;, w)).
(e) Under Hy, Vo, & V1 @ My(Ve — CewViy 'Ct ) Mg, where Ve = var(&;).

(f) Under Hy, n~'Wald,, Ly ¢y and n~'Wald, , Ly ¢y, where (c1,c9) are constants,
c1>04fCeyy #0, and ¢ > 0 if ¢'Cey # 0.

Moreover, if E(vec(x;x;)Z]) is finite and A5 holds for v; = vec(vec(u;z;)Z]), then the

above results hold when u; is replaced by ;. O

Because A, can only be used to estimate the space spanned by the rows of Ay, using
& = vech(Ayugu! A) in is markedly different from using the ideal §; = vech(Apau,u}Af,).
This difference is reflected in the presence of the matrices M, and M, in Proposition 6
(a) and (d), respectively. Fortunately, this difference does not hinder testing the restric-

. ~ P . . .
tion a; = 0 because &; — 0 under Hjy and converges to a constant, which is non-zero if
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cov(&;, w)) # 0, under Hj. The residual-based Wald tests are pragmatic in the sense that
the test statistics are easy to compute and they have standard asymptotic null distribu-
tions (x?), as indicated in (c). Hence, these tests are easy to implement as they do not
require simulation to compute critical values or p-values, whereas simulation is needed for
supLM,,. The results in (f) imply that the residual-based Wald tests are consistent under
H; as long as w; is chosen such that cov(&;, w)) # 0 and ¢'cov(&;, w)) # 0.

We note that Davies’ problem does not show up in the residual-based tests. The
proposed tests can be carried out in the standard manner despite the fact that A, is not
point identified under Hy. The reason is that the implication of Hj in depends on A,
via the definition of &;. In other words, in the framework of , A, is not absent under

Hy as &; is defined in terms of the estimable space spanned by the rows of A,.

5 Monte Carlo Investigation

We carry out simulation experiments to investigate the finite-sample properties of the
proposed QML estimator and heteroskedasticity rank tests. The data generating process
(DGP) is inspired by the empirical application in Section 6. Our experiments cover sample
sizes n = 50,100, 200 and 500, encompassing the sample size of the data set (n = 114) in
Section 6. The DGP is the model detailed in and with the dimension K = 3 and
the exponential functional form is employed to specify the conditional variances. Each

sample is generated according to the following steps.

1. Draw independent scalar random numbers {w;}? ; from the standard normal dis-

tribution N(0,1) and set x; = [1,w;]" and z; = w; for all 1.

2. Draw 3-dimensional independent random vectors {n; }?_, from the x?(9) distribution,
where the elements of 1; = [14,72.4,73:]) are independent and normalized to have

mean 0 and variance 1.

3. Generate the conditional variances o} ; = exp(Sx2;)/E exp(fBrz;) and the structural

error terms ey, = oy Mk for k =1,2,3. Set ¢; = [e14,€2,4,63,) for i =1,... n.

4. Endogenous variables are generated from the reduced-form system y; = Da; + A~ g,

based on , where y; = [y1.4, Yo, Ys.i'-

Here, we use x%(9) variates as the standardized structural error term 7; to demonstrate

that our QML approach works for non-Gaussian data. The unconditional variances of
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(€14,€24,€3,) in the DGP are normalized to be unity as defined in and . The
normalizing factor here is Eexp(fyz;) = exp(306;). In estimation or testing, we use
the specification o, = exp(frz)/[% Y1, exp(Brz)] to impose the normalization rule
E(o 131) = 1.

The parameter matrices for the DGP are

1.604 2.542  0.252 0.0 0.2
A= -0.280 0.604 0.896 |, D=100 -0.1
—0.490 5.206 —0.259 0.0 —-0.2

In particular, the instantaneous impact matrix A is the point estimate from the empirical
example in Section 6. In the reduced-form coefficient matrix D, the first column cor-
responds to the intercept and the second to the exogenous variable w;. While the first
column of D is set to zero in the DGP, the intercept is always included in estimation and
testing. Hence, changing the values in the first column of D does not alter the results
reported below. We use two sets of values for the parameters in the conditional variances:
(B1, B2, B3) = (1,0,0) and (1,0.5,0). The first is the case with the heteroskedasticity rank
r = 1, for which the model is partially identified. The second is the case with r = 2, for
which the model is fully identified. All of our experiments consist of 1,500 replications,
from which point estimates and test statistics are recorded.

To examine the properties of the QML estimator, we estimate the parameters in the
conditional variances and the three rows of A from each sample, and compute bias and
root mean squared error (RMSE) from 1,500 replicationsE] Since the estimator of a row
in A, ay, is consistent up to the scale +1, we insist on nonnegative first, third and second
elements of a1, as and ag, respectively. For example, if the third element of a, is negative,
we will record —as instead of a, itself. In maximizing the criterion function over the space
of i, the initial value for the maximization routine is fixed at 0.1.

The estimation results are reported in Tables [I] and [2| for partially and fully identified
models respectively. In Table[I], as the model is partially identified, only the first row of
A, a} = [a11,a12,a13], can be consistently estimated. Indeed, the bias and RMSE of the
QML estimator for the first row of A are small and generally decrease as the sample size
increases. On the other hand, the bias and RMSE for the second and third rows of A,

which are not identified, are large and do not decrease as the sample size increases. We

2The computations of the simulation experiments is carried out in R (see R-Team (2016)). Maximiza-

tions are done using the BFGS method in the optimization function optim of R.
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also note that the bias and RMSE are dependent on the magnitude of the true parameter
value. For instance, the bias and RMSE of a5 are larger than those of a;3. In Table
2, as expected from a fully identified model, we observe that the bias and RMSE for all
parameters are small and decrease as the sample size increases. Interestingly, for this DGP
the element ago appear to be difficult to estimate, having largest RMSE. It corresponds
to a coefficient estimate in the application in Section 6, which is the only statistically

insignificant element in A (see Table [5).

Table 1: Estimation Bias and RMSE for Partially Identified Model (r = 1)
True n = 50 n = 100 n = 200 n = 500
value | Bias RMSE  Bias RMSE  Bias RMSE  Bias RMSE

a;;  1.604 | 0.065 0343 0.072 0.252 0.027 0.177 0.013 0.114
a2 2542 | 0.093 1.129 0.126 0.669 0.044 0.416 0.020 0.262
a3 0.252 | 0.008 0.180 0.014 0.108 0.006 0.065 0.004  0.039
f1 1.000 | -0.052  0.245 -0.049 0.185 -0.030 0.132 -0.016  0.088
as -0.280 | 0.238 0.675 0.233 0.544 0.215  0.481 0.201  0.451
azp 0.604 | -1.231  4.143 -1.384 4.011 -1.303 3.896 -1.245 3.834
azs 0.896 | -0.283  0.435 -0.287  0.419 -0.295  0.423 -0.293  0.417
B2 0.000 | 0.097  0.337 0.099 0.229 0.068 0.166 0.046  0.107
az; -0.490 | 0.162 0.493 0.154 0.381 0.159 0.326 0.150  0.287
azy 5.206 | -1.712 2,572 -1.791 2534 -1.846  2.553 -1.823  2.499
ass -0.259 | 0.185  0.735 0.187 0.701 0.182 0.689 0.165  0.670
B3 0.000 | -0.188  0.270 -0.128  0.186 -0.084  0.130 -0.050  0.078

To investigate the finite-sample properties of three proposed tests (Wald;, Walds, su-
pLM), we employ the setup that the first equation in the model is always heteroskedastic.
In this scenario, we test Hy : » = 1 against H; : » > 1. Samples from the DGP with
(B1, B2, B3) = (1,0,0) and (1,0.5,0) respectively are used to examine the size and power
properties of the tests. A single exogenous variable, w;, is included in to compute
Wald; and Wald,. For the supLM statistic, 100 bootstraps are used to compute its p-
value. In maximizing the LM (a) statistic, the initial value for the maximization routine
is fixed at 0.1. The rejection rates of the three tests are reported in Table [3| where the
first panel (r = 1) corresponds to (51, B2, 53) = (1,0,0) and the second and third panels
(r = 2) correspond to (B, 52, 83) = (1,0.5,0). The first and second panels consist of
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Table 2: Estimation Bias and RMSE for Fully Identified Model (r = 2)
True n = 50 n = 100 n = 200 n = 500
value Bias RMSE  Bias RMSE  Bias RMSE  Bias RMSE

a;; 1.604 | -0.101  0.440 -0.023  0.300 -0.007 0.195 0.004 0.114
ap  2.542 [ -0.198  1.203 -0.037  0.757 -0.009  0.440 0.006  0.266
a3 0.252 [ -0.034  0.369 -0.008 0.263 0.002 0.156 0.003  0.083
g1 1.000 | -0.022  0.223 -0.037  0.175 -0.025 0.129 -0.015  0.087
as -0.280 | 0.157  0.885 0.053 0.638 0.002 0.386 -0.003  0.208
azp 0.604 | -0.117 2582 -0.006 1.733 -0.007 1.052 -0.006  0.598
azs 0.896 | -0.109  0.310 -0.052  0.207 -0.013 0.115 -0.003  0.058
B2 0.500 | -0.049  0.226 -0.022  0.162 -0.012 0.121 -0.001  0.080
ag; -0.490 | 0.033 0482 0.009 0.294 0.002 0.170 -0.003  0.102
azy  5.206 | -0.271  1.469 -0.084 0.904 -0.017  0.507 0.011  0.266
ass -0.259 | 0.025 0435 0.001 0.280 0.003 0.175 -0.002  0.094
Bs 0.000 | -0.121  0.267 -0.047  0.178 -0.022  0.132 -0.010  0.081

rejection rates based on x? critical values for Wald; and Walds,, and the bootstrap p-value
for supLLM. The third panel (Power*) contains the size-corrected rejection rates, where the
5% and 10% critical values are the empirical critical values obtained from the simulation
in the first panel (under Hy). These entries would be true powers based on the correct
(rather than estimated) critical values. They are useful for gauging power distortions
caused by size distortions of the tests.

In the first panel of Table [3] the sizes of the three tests are reasonably precise even
with the small sample size n = 50, indicating that the asymptotic null distributions are
good approximations to the finite sample null distributions in this setup. In the second
panel of Table[3] we observe that the power of the tests increases toward one as the sample
size increases. In terms of power, Wald; is ranked best, supLM the second, and Wald,
the third. An exception is that Wald, outperforms supLM at the 5% level when n = 50.
In the third panel of Table |3, the size-corrected powers do not deviate much from the
powers reported in the second panel. This is an indication that the size distortions shown
in the first panel do not lead to large power distortions in our simulation experiments.

In summary, the simulation experiments demonstrate that our QML estimator per-

forms effectively in finite samples. They also show that the asymptotic null distributions of
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Table 3: Rejection Rates for Testing Hy : r =1

n = 50 n = 100 n = 200 n = 500
Nominal size 5%  10% 5%  10% 5%  10% 5%  10%
r=1 Wald; | 0.077 0.142 0.067 0.119 0.059 0.117 0.054 0.107
(Size)  Wald, | 0.058 0.106 0.051 0.105 0.054 0.102 0.057 0.108
supLM | 0.048 0.105 0.049 0.104 0.035 0.091 0.048 0.095
r=2 Wald; | 0.263 0.367 0.513 0.632 0.841 0.911 0.999 0.999
(Power)  Wald, | 0.175 0.252 0.377 0.497 0.682 0.795 0.977 0.987
supLM | 0.138 0.261 0.410 0.593 0.759 0.885 0.979 0.995
r=2 Wald; | 0.206 0.291 0.462 0.593 0.838 0.898 0.999 0.999
(Power*)  Waldy | 0.164 0.245 0.375 0.492 0.663 0.792 0.973 0.987
supLM | 0.147 0.269 0.423 0.595 0.808 0.891 0.985 0.993

the tests are good approximations to the finite-sample null distributions. Finally, Wald;,

in addition to being easy to implement, has superior power in this setup.

6 Empirical Illustration

We apply our method to re-examine the empirical evidence on openness, inflation and real
income provided in Romer (1993). Romer argues that models, in which the absence of
precommitment in monetary policy causes excessive inflation, lead to the conclusion that
more open economies experience lower average inflation rates. Romer (1993) conducts a
cross-country analysis and uses single equation models, where inflation is the dependent
variable and openness, real per capita income and possibly other variables serve as ex-
planatory variables. He accounts for potential endogeneity of the explanatory variables by
employing instrumental variables (IV) estimation in some of his regressions, and provides
evidence in support of this hypothesis. Our aim is to re-cast the analysis in the context
of a SEM which allows for possible endogeneity between the three variables. Given that
we find conditional heteroskedasticity in the errors, we use our approach to circumvent
identification problems.

The relationship between country openness, inflation, and real income is of interest
for two reasons. First, Romer (1993) proposes the idea of endogenous openness whereby

not only is inflation a function of openness, but these two variables are jointly determined
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through protectionist policies. Extending this argument, one may also conjecture that
real income is jointly determined with inflation and openness, and hence is itself endoge-
nous — a possibility not explored in Romer (1993). Second, the analysis is conducted
by controlling for a number of exogenous variables, such as the country land area and
regional dummy variables, which are used to account for geographical variation in the
mean equations. We extend the study by suggesting that these exogenous variables may
also drive the conditional variance processes. If that is indeed the case then we may cast
the analysis in the HSEM framework described in - , which will fully account for
any endogeneity that may exist between the three variables. We start the analysis by
providing a brief description of the data and testing for the number of heteroskedastic
structural innovations, i.e. the heteroskedasticity rank.

Our dataset is obtained from Romer (1993) and consists of several key variables for
a cross section of 114 countries. It includes the following three (possibly) endogenous

variables:

e 7; — inflation as computed by the average annual change in the log GDP or GNP
deflator (depending on the availability of data) between 1973 and 1991;

e 0; — country openness measured by the average share of imports in GDP or GNP

(depending on the availability of data) between 1973 and 1991;
e ry; — real income recorded as the 1980 real income per capita in U.S. dollars.
In addition, we also have data on three exogenous variables:

(i) Land; — country land area measured as the natural logarithm of the total square

miles area for each country;

(ii) I/™ — a geographical indicator variable set to one for countries located in the Amer-

icas region and zero otherwise;

(iii) 19" — oil-producing country indicator variable taking the value of one for oil-

producing countries and zero otherwise.

Let y; = [m;, 05, 7y:] and x; = [1, Land;, I°%, I2™]". In the first step we estimate the
reduced-form system , and apply our tests for the heteroskedasticity rank, r, on the
residuals u; = yi—Dx,» as discussed in Section 4, where D is obtained via OLS. The log con-

ditional variances, F(z;, Bx), are specified as a linear function of z; = [Land;, I°", I/™] .
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Table 4: Testing for Heteroskedsticity Rank (r)

Test Hy: r=0 Hp:r=1
Statistic 47.749 31.285
|
Waldi alue 0.000 0.000
Statistic 11.984 8.933
1d
Waldz  alue 0.007 0.030
[y Statistic | 23.753 99.823
Sup p-value 0.000 0.000

Notes: In the construction of the test statistics for testing Hy : 7 = 0 we set él@) described in
Section 4.2 equal to #;. Conditional variance equations are specified as exponential functions
of the exogenous vector z;.

The sample means of the conditional variances are normalized to one in our estimation.
Test results for the multivariate (Wald;) and univariate (Waldy) Wald tests, as well as
the supLM test are reported in Table [4]

Considering the first column of the above table we strongly reject the null hypothesis
of no heteroskedasticity in the structural system according to all three tests. This leads
us to infer that the heteroskedasticity rank is at least one. Similarly, the results presented
in the second column of the table provide evidence against the null hypothesis of one
heteroskedastic component (r = 1) in favour of the heteroskedasticity rank being at least
two (r > 2), at the 5% level. These results suggest that there is heterogeneity in the
variances that can be used for identification. Given that a 3-dimensional system is fully
identified with r > 2, we proceed to estimate all rows of the A matrix using the procedure
described in Section 3.1. The estimates are presented in Table

As illustrated in Table 5] all but one coefficient are statistically significant, at the 1%
level, which confirms our conjecture that the variable ry; is indeed determined jointly
with m; and o;. While each equation of can be consistently estimated in the order of
the mean log conditional variances as explained in Sections 3.1 and 3.2, its interpretation
depends on the underlying economics. Specifically, to compare our estimates to the results
of Romer (1993), we need to decide which of the estimated equations corresponds to his
inflation equation. Of course, since we have three equations none of which is economically
identified so far, there are three possibilities for the inflation equation. A choice should

be based on economic arguments.

28



Table 5: Estimated Rows of A

Estimated Row | Inflation Openness Real Income
Row 1 1.604 2.542 0.252
W [0.000]  [0.000] [0.000]
Row 2 0.280 —0.604 —0.896
[0.000] [0.167] [0.000]
Row 3 0.490 —5.206 0.259
[0.000] [0.000] [0.006]

Notes: p-values of t-statistics are provided in square brackets.

Following Romer’s (1993) argument that inflation is negatively related to openness
in his inflation equation, we label the first row of A in Table |5 as the inflation equation
because it is the only row where the coefficients of inflation and openness have the same
sign. Thus, if we standardize the coefficient of inflation to one and use that variable as
left-hand side variable with all other variables on the right-hand side, we get an equation
where openness reduces inflation. Clearly, the first equation is the only one that gives
rise to a negative relationship between inflation and openness. Further, in the absence
of additional knowledge about the signs of the coefficients on the endogenous variables,
we use a normalization such that the coefficient on real income in the second row is one
and the coefficient on openness in the third row is one. This normalization is mainly
motivated by the statistical significance of the estimated coefficients. As the coefficient
on openness in the second row of A is statistically insignificant, it cannot justifiably be
normalized to one. Under this normalization, the results are presented in the first panel
of Table [0, where p-values are computed using the delta method.

In Table [6] we also report the results of single equation IV estimation of the inflation
equation obtained by utilizing Land; as an instrument for openness as in Romer (1993).
Since this is the only instrument available to Romer, he assumes that income is exogenous
in his single-equation model. Note that the p-values of the IV estimates are based on
heteroskedasticity-adjusted standard errors.

Considering the coefficients on the openness variable in the two estimated inflation
equations, and the associated p-values, we conclude that there is strong support for the
hypothesis investigated in Romer (1993), namely that higher levels of economic openness

lead to lower inflation rates on average. Negative estimates, statistically significant at
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Table 6: Estimated Normalized Structural Relationships

Estimation Left-hand Right-hand side variables White Test on
method side variable | Inflation Openness Real Income Standardized Residuals
System Inflation - —1.585 —0.157 0.226
- [0.000] [0.000] [0.973]
Openness 0.094 - 0.050 0.023
[0.000] - [0.022] [0.999]
Real Income 0.313 —0.674 - 0.732
[0.002] [0.256] - [0.866]
v Inflation - —1.145 —0.090 -
- [0.000] [0.126] -

Notes: p-values are provided in square brackets. The covariance matrix of A* computed by
sequential estimation is obtained by the delta method from the estimated covariance matrix of
A. The last column of the table provides White’s heteroskedasticity test applied to standardized
structural residuals (see White (1980)).

the 1% level, are obtained with both estimation methods. Regarding the magnitude of
the estimates, we see that the normalized coefficient of —1.585 obtained with our system
estimation method is larger in absolute value than the IV estimate of —1.145. These
estimates are roughly in line with the results provided in Romer (1993) which range from
—0.827 to —1.395, depending on whether or not endogeneity of openness is taken into
account and which variables are included in the equation.

The question of whether openness is indeed endogenous can be addressed by examining
the estimated coefficient of the inflation variable in the openness equation. As seen in
the second row of Table [6], the parameter of inflation is statistically significant at the 1%
level in the openness equation, which, taken together with corresponding results from the
inflation equation, implies that openness and inflation are indeed jointly determined.

Turning to the relationship between inflation and real income we note substantial
differences in the estimated income coefficients in the inflation equation, depending on
the estimation method used. The estimate from the system estimation method differs
distinctly from the estimate obtained by IV. The system approach estimates a negative
and statistically significant (at the 1% level) effect of real income on inflation. While
the parameter estimated by IV is also negative, it is almost half the magnitude of the
coefficient obtained via the system method and has a much higher p-value of 0.126. The
IV finding is similar to the evidence presented in Romer (1993), where the coefficient
of real income in the inflation equation is not statistically significant. A reason for this

discrepancy can be seen in Table[0], where the system estimates clearly suggest endogeneity
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of income. The IV estimator ignores the possible endogeneity of income, since the only
instrument available in the study is used to instrument openness. This highlights the
usefulness of our approach in situations where insufficient identifying information from
conventional sources is available. Although the two last equations of our system are
not necessarily economically identified and, hence, any economic interpretation can be
problematic, they do provide evidence of endogeneity of the income variable.

Lastly, we point out that modeling structural conditional variance equations as expo-
nential functions of exogenous variables accounts for heteroskedasticity adequately. This
is judged by White’s test for heteroskedasticity (see White (1980)) which is applied here
to the standardized structural residuals. The test statistics are small and the associated
p-values in excess of 0.850, as reported in the last column of Table [6] This provides

confidence in our identification and the estimation approach.

7 Conclusions

This paper presents a complete framework for analysing HSEMs that may be partially
identified through (conditional) heteroskedasticity. An estimation method is developed
that provides consistent and asymptotically normal estimates of the identified parameters.
These results are useful because they can be combined with traditional identification re-
strictions. In other words, identification through heteroskedasticity can complement iden-
tification restrictions from economics. Thus, identification through heteroskedasticity can
make up for insufficient identifying economic information. If the combined identifica-
tion restrictions from traditional sources and heteroskedasticity are overidentifying, this
feature can be used to test competing economic hypotheses against the data.

Because identification through heteroskedasticity is linked to the heterogeneity in the
variances of the structural errors which we measure by the heteroskedasticity rank, we
also develop tests for the heteroskedasticity rank. Thus, we effectively develop tests for
identification which inform about the identified equations in the model. These tests can
be used even in underidentified or partially identified models. Two alternative asymptotic
approaches are used to derive such tests. The first approach is based on Gaussian quasi-
likelihood methods and uses techniques that account for nuisance parameters that are
only present under the alternative hypothesis. Unfortunately, these tests may not be very
practical in many situations because they have nonstandard asymptotic distributions

under the null hypothesis and may require a substantial computational effort. Therefore
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we also derive more practical tests based on Wald principles that have standard asymptotic
x2-distributions under the null hypothesis and are easy to compute. We compare the two
types of tests in a Monte Carlo study and find that the quasi-likelihood based supLM test
does not have better power than a Wald type test in small samples. Hence, it may not
warrant the additional effort in conducting the supLM type tests, in particular, if full or
sufficient identification is found already with the Wald type tests.

We illustrate our approach by reconsidering the question whether openness of an
economy is linked to inflation. This issue has been discussed in the literature without
fully accounting for possible endogeneity problems related to the variables. Using our
approach we can account for the possible endogeneity of the variables. We find support
for the theory-based view that openness is negatively related to inflation. In other words,
more openness leads to lower inflation.

Although our results are very general and cover general HSEMs, they are likely to be
more useful in a setting with cross-sectional data because we are not allowing explicitly
for some popular time series models for conditional heteroskedasticity. For example,
we do not allow for GARCH type heteroskedasticity. Indeed, for some of the volatility
models typically used in structural vector autoregressive analysis, no general tests for
identification seem to be available. Developing such tests based on the ideas of the present

paper may be worthwhile in future research.

A Appendix

A.1 Proof of Proposition

When any of the equations in is multplied by —1, an observationally equivalent system
results. Hence, any row in Agy; can only be identified up to the scale £1. Accordingly, we
define the true parameter point 6y = [a}, ..., a., B}y, ..., B0,.]" only up to the scale £1 for
(ay,...,a,). In a compact neighborhood of #y, Ny,, under stated assumptions, we show
that the uniform weak law of large numbers (WLLN) documented in Newey and McFadden
(1994, Lemma 2.4) applies to u,uj and Inoy; + a;uiu;ak(ak’f — 1) for k=1,...,r. First,
as each element in w;u} is bounded by ufu; and E(uju;) < E[(uju;)exp{g(z;)}] is finite,

the WLLN applies and PN ByBj},, where By is B = A™! at the true parameter point.
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Second,

IN

| Fio(zi, B)] + |ajui|* (exp{g(z)} + 1)

< g(zi) + ma(uiu;) (exp{g(z)} + 1), k=1,...,r

| In J,ii + a;uiu;ak(a,;? — 1)

where m, = supy, [lax||* and the Chauchy-Schwarz inequality implies that |aju;|* <
|lag||(wiu;). Under A4, E[g(z;) + ma(uju;)(exp{g(z;)} + 1)|] is finite and independent of 6.
It follows that the uniform WLLN holds, i.e., as functions of (ag, fx),

gk,n £> E(ﬁk,n) = —E[ln(az’i) + CL;CBQHOZ'B(I)CLk(O'];Z-Q — 1)], k= 1, Lo,y (14)

uniformly over Ny, when n — oo. Here Hy, is H; evaluated at 6.

We then consider the consistency of (a4, Bl) Given , we only need to show that
E(/1,) is uniquely maximized at 6. Clearly, for given o7, (or f1), the quadratic form
ay BoHo; Byai (077 — 1) in ({1;), subject to a} ByBja; = 1, is minimized by the eigenvector

aj associated with the smallest eigenvalue p} in

Given that Hy; = diag[og, ;. .., 08, 1,...,1], the eigenvalue is 11} = E(0g; (077 — 1)) for
some k € {1,..., K}, where o, ; is 0} ; evaluated at 6y for k =1,...,7 and 0, ;, = 1 for
k=r+1,..., K. Then the concentrated objective function satisfies
E(tn) = —E[ln(o7,)] — 13
= _E[ln@ii) + ng,i(af,? - 1)]
< —E[ln(agk,i) + U(Q)k,i(o-o_k%i - 1)] = _Eln(agk,i)’ (16)

because the function In(x) + xo(z~! — 1) is uniquely minimized at x = zy. This result
implies that the unique maximizer is o7, = og,, for a k € {1,..., K}. Furthermore,
as Eln(og, ;) < In(1) for k € {1,...,7} by Jensen’s inequality, the maximizer must be
O’ii = O'gkl’i with

ky = arg ker{rllinr} Eln(ogy,)- (17)

. . 2 . . . 2 2
Here, the maximizer o7, ; is unique in the sense below. As Eln(og,, ;) < Eln(og, ;) for

all k # ky and {03, ;,...,0(,,} are linearly independent, Jensen’s inequality leads to
1H[E(U§k,i/08k1,i)] > E[1n<0(2)k,i/0(2)k1,i>] = E1n<0(2)k,i) - Eln(USkl,i) >0,

ie., B(0g,,/00,,.) > 1 or E(og, (052, — 1)) > 0 for all k # ky. Consequently, at the

maximum, o3 ; = og,, ;, the only zero (smallest) element on the diagonal of E(Hy; (o7, 7-1))
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in (15) is at position k. It follows that p* = o, = 0 and Bjat = 516%, where a] =
S Apekt = §1agp, is the k™ column of A) up to the scale §; = +1 and €}, is the j* column
of Ic. Given that E(¢; ,,) is continuous and uniquely maximized at (01aog, , Bok, ), Theorem
2.1 of Newey and McFadden (1994) applies, i.e., (a1, 31) 2 (at, 37) = (01a0x,, Bo, ). The
uniqueness of (d1aok, , Box, ) implies identiﬁcationﬂ

We use the same argument to show the consistency of (as, 52) To implement the
restriction ayByBja; = 0, we let ag = Qoap2, where Qg is a K x (K — 1) matrix such
that the augmented matrix [a}, Qoo] contains the full set of eigenvectors of (15)). Under
the uniform WLLN, we have

lon = B(ly) = —E[In(03 ;) + ph Qb BoHoi ByQuapa (o) — 1)),
uniformly in Ng, when n — oo. The quadratic form pyQf,BoHo; ByQuzp2(0o5; — 1) is
minimized subject to phps = 1 by the vector p} associated with the smallest eigenvalue
fiz in
Qo2 Bo [E(Hﬂi(UQ_Z'Q — 1)) — polg | B)Qo2p2 = 0.
Clearly, pj = E(08, (057 — 1)) forak € {1,..., K} and k # k. Then

E(ly,) = _E[ln(al i)+ UOk 1(0212 - 1)]
< —E[In (Uom) +00kz(00k21 1)] = _Eln(a(z)k,i) (18)

implies that the maximizer is 03 ; = 0§ ; and the maximum is —Eln(og,, ;). AsEln(og, ;) <
In(1) for k € {1,...,r}, the maximizing k must be ky = argmingeq1, .} kth, Eln(agkvi).
Correspondingly, ud = por, = 0, BjQo2p5 = d2ek, and ad = Qoaps = 0244 ek, = 0200k,,
where 9, = +1. Hence E(/5,) is uniquely maximized by (a3, 35) = (d2a0k,, Bok,) and
(Go, Bg) EiN (02a0ky, Pok, ). Similarly, it follows that (&j,Bj) EiN (0ja0k;, Box,y) for j =3,...,r,
where 0; = £1.

We now assess the impact of using D and U; = Yy — ﬁxz instead of D and wu; =
y; — Dx;, respectively. Under A5, the central limit theorem (CLT) of McLeish (1974)
applies to vec(u;z}) via the Cramér-Wold device. The OLS estimator satisfies D = Dy +
(0w (Or wah) ™t = Do 4 Oy(n~'?). As 4; = u; + Dx; with D = (Dy — D) =
0,(n~?), we find

%iﬁi&;:—z (ui + Dl + wizl D' + DagaiD') Zuu + O,(n71)

3 Tt is easy to see that this result will break down if some of {03, ;,...,08,,;} are proportional, in
which case there will be two or more non-zero elements in Bjaj. For example, if 02, , = 02, , and

Eln(crgl’i) = mingeqi,...r IElln(ng,i)7 then (aj, Bl) LN (a}, BF) = (61a01 + d2a02, Bo1), where 62 + 05 = 1.

.....
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because Y7 ua; = Oy(n'/?). Under A4, the elements in Elz;zjo; ;| < Elzajes™)

are finite, where | - | signifies element-wise absolute values. As the CLT also applies to

vec(uzl)oy 2, it follows that
1 i dilo, = 1 i (u; + Dy + wzD' + Dz D)o} 2 = 1 i w2+ Oy(n1)
n 4 1ok n 4 1 ) 7 4 K n 4 ) p
i=1 i=1 =1
for k =1,...,r. Thus the feasible objective function is related to the “ideal” one via

. 1 —
En:__ [1 z ,AiA,' _2_1]2671 ) _17 ]{?:1,...,,
k, n E : n(ak,z) + apu uza’k(gk,z ) k, + p(n ) r

=1

which holds uniformly over a compact neighborhood of 6, and implies é;m TN E(lg.n)-

Hence, our consistency argument also applies to the maximizers of ¢ ,,. ]

A.2 The Structure of D, |

We explicitly present the r? x %7‘(7’ + 1) duplication matrix as

I, 0 e 0 0
E?  IL_q1y - 0 0
D — E Ef,g_(m) 0 0 7
EY Ef(jali) e I _(1.r—2) 0
| Ev}r Eir—(m) qu—_(ll);:—Q) I —i—1) |
where I, _ (14 is the identity matrix I, with its (1, ... , )™ columns being removed, EJ* is

the 7 x r matrix with 1 in the (j, k)™ position and 0 elsewhere, Eﬁl’i(lzl) is FI% with its

(1,...,01)"™ columns being removed. Let M be a r x r symmetric matrix with the lower
triangular part of its k' column denoted by mp, i.e., vech(M) = [m? mb' ... mh)' Tt

can be verified that the k'™ block of vec(M) = D,vech(M), or the k" column of M, is

k—1
ik
j=1
where Eﬁ k_ (1:0) 18 defined to be E7%. The elements of D, are either 0 or 1, where 7 columns,

namely the first, the r+1%, the r+(r—1)+1%, ... the ir(r+1)™ have only one 1, while
the remaining r(r — 1)/2 columns have two ones. The matrix D, can be constructed as

the matrix consisting of the r(r — 1)/2 columns of D, that have two ones and, in each
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column, one of the ones (say the second one) is turned to —1. For example, when r = 2
and 3,

(10000 0] 0 0 o]
010000 1 0 o0
- . - 001000 0 1 0
1 0 0 0
010000 10 0
010 1
@2: 7D2J_: ,Dg: 00 01 00 7®3J_: 0 0 0
010 -1
000010 0 0 1
0 01 0
] ) ST 001000 0 -1 0
000010 0 0 -1
000001 0 0 0
In general, D,.; can be expressed as
L 1) 0 0
_Ei72—(11) I?",—(l:Q) .« o 0
_ 13 _ 123 -
D, = Eﬁ*(lil) Er,f(m) : 0
1(r—1) 2(r—1)
_Er,—(m) _Er,—(1:2) ['r,—(lzr—l)
r 2r (r—=1)r
B _Ei,—(l:l) _E”’7_(152) T _ET,—(lzr—l) |

As the non-zero elements of any column are in different positions in D, , it follows that

‘D;‘LDTL = 217"(7"71)/2- u

A.3 Invertibility of &, Jy®o,

Lemma 1. &), Jy®¢, is block diagonal and positive definite when Jy oo is invertible. O

Proof of Lemma [1] We write

' T Iis
Doy JoPor =T = | T, Tay Toy |,
[y T3 Tas
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and find

Ly = DL (I @ An)Joai(Ir @ Ayy)Dry =E (D, (Ay! — 1) @ AuiDy 1)

', = ®;,J_(Ir & AOI)JO,ll(Ir X A62) =E ( QL(ASJ - Ir) ® AOIBOHOiBéA62) =0,

Iy = Do (L@ Ap)Joie = —E (Dl (A ® Aot BoHoiBg)diag(aor foy i, - - - » aor fori)) =0,
Loy = (I @ Aw)Jon (I, @ Ap) = E ((AG' = I,) ® Ic) ,

Fos = (I, ® Ag)Joiz = —E ((Ay)! ® AoeBoHoiBy)diag(aor fo ;- - - aor fr)) =0,

Iss = Joao.

The above results are easy to verify except the expressions for I'y; and I';3. The case for
r = 1 is covered by the lower 2 x 2 block sub-matrix of I'. Hence, for r > 1, we only show

I''3 = 0 and that I'y; is a positive definite diagonal matrix. For I'y3, it is easily verified

(using the definition By = Ay") that

I's=E (@;Ldiag[ei, . eZ]diag[féM, o fém]) ,

where e¥ is the k™ column of I,. The fact that diaglel,...,e’] consists of 7 columns of
D, implies I'13 = 0. For I'yy, noting that AiEf’k_(l:l) = aﬂEﬁk (1:1) the k'™ block row of

D' (A — 1) ® Ag; is given by

k(k+1 T
[O, ceey 0, [7{77(1;1@)9&@'/\01‘, —F (_(J;:k):)/ngrl,iO-gk,i? R Ek /(1 k)g,’, laUk ,L] k= 1, NN 17

Ty

where there are k — 1 zero blocks and gi,; = (Jgﬁi —1). Furthermore, the (k, k)™ and
(k, 7)™ blocks of D', (Ay' — I,) ® A D, are given, respectively, by

k1)1 ok (k1 .
ro— (1) IeiNoiLr k) + E (( ))Er( (1: ﬁ)gmu%kﬁ A B B 1y i

(k+1)(k+1)

rr
= Gr,ilNoi,(k1:0) + B, gk+1,i0'0}m’ +---+ E, kgmffok ;

T 2 2 2 2
= diag(gr,iOop11. k108> - - - > IkiT0ri T IriO0k.)
and

j k+1 k41 .
]7{7_(1;k)gk,iA0iE] —(1:5) + E B (+ ))/E]( aj))gk-i-l zgokz +eeet Evlf,—/(l k)EZ —(1: ])grz Okz

=1, (1k)gkzaolej g =0 for j <k,

where the fact that B} EF = B, and B}, E” =0forl=k+1,...,m,

k) — )= (1:9)
is used and Ao (rs1:r) = diag(ogyy10 - - - 05,)- It follows that I'yy = Ediag(vyi, ..., vr-1)
is diagonal, where
o 2 2 2 2
Y = diag(gr,ioox4 1.+ Ir+1,i00845 - - - 7gk,i00r,i+gr,i00k,£>

-
r — k entries
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for k=1,...,r — 1. A typical diagonal entry in I'y; is

o? o?
2 2 _ 07, Ok,i 2 2 _
E(gri00;; + 9j.i00) =E | 5=+ == — 004 — 0oki | = E
O0ks 904

2
(Uom _ O0k,i <0
O0k,i 004,

because E(oj; ;) = 1, and of;; and o3, ; are not proportional for j # k. This proves our

claim. O

A.4 Proof of Proposition
We first show an intermediate result and then turn to the proof of Proposition

Lemma 2. Suppose that the assumptions of Proposition[1] hold. Assume further that A5
holds for v; = s;(0). Then, \/nS,(6o) 4 N(0,%s), Bg = var(y/nS,(0)). This statement

is also true when u; in s;(0y) is replaced by ;.

Proof of Lemma [2| Denote S, = S,(6p) and s; = s;(6p). Under A5, the CLT of
McLeish (1974) applies to ¢’s;. The Cramér-Wold device then implies that /nS, 4
S ~ N(0,Xg). If A5 (iv) does not hold, i.e., there exists some constant vector p such
that n='>>", (p's)? £ 0, let the space of all such p be spanned by a Ky x K, matrix
P, where K, < Ky. Let P, be the orthogonal complement of P. As A5 (iv) holds for
Plsi, VaP.Sy % V ~ N(0,%y). It follows that /nS, % S ~ N(0,%s) holds with
Y= P (P P ) 'Sy (P, P, ) 'P|. When u; in s; is replaced by ;, as shown at the end
of the proof of Proposition Sn|u =5, + Op(n_l) because Ay, and for; are bounded.
The Lemma follows because \/ﬁSn|u = /nS, + 0,(n"1/2). O

Proof of Proposition . The first-order conditions for maximizing @ are

~

S,(0) — ®(0)fi = 0. (19)
Taylor-expanding S, (6) and ¢(0) = 0 at 6, we have

A

Ja(0)(0 — 00) — @(O)r = —Sa(60),
®(0) (6 — 6o) =0, (20)

where 0 is a point between 6, and 6. Denote &y = ®(6,), & = (0), & = B(0), S, =
Sn(60), S = Sn(f), and J, = J,(0). As &, (¥ P,) ' + B(PP)'D = Ik, and
(0 —0p) =D (P, D), () — b)), the first equation in can be written as

O (0~ 0p) = (D, ) (P, J,0,) 1D (Bfi — Sy).
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Solving the above equation together with the second equation in gives

0—0) = ®(D, J,B,) ' (Dfp—S,)
= O (P J, D)1 [B(PD)ID'S, — S,]

because, from , [ = ('®)19'S,. Using &(P'®) 10 + (¥, D)1 = I, and
S, =S, + J,(0 — 0), we find

~ - —

(6= 60) = —[ =] '@ L(P T, &) @ [0 (&) D1) 7' 5,

where ¢ = & (¥, J, 01 ) P [B(P'D) 1D J,]. Asn — 00, &L Dy, & D Dy, B, B D,
o, L dy, v 20, and J, & Jy. Using Lemma [2 and the continuous mapping theorem,
these results imply Proposition [2|

It remains to prove the alternative expression for Yy below Proposition If Jy is

invertible, the following result is implied by Lemma [3] below. Because ® is of full column

rank, can be solved for (8 — 6,) and fi,

which lead to the alternative expression for ¥y below Proposition [2| O

Lemma 3. Suppose that J is invertible. If U satisfy | JU = @', and ®'U = 0, then
U:CI)L(@/J_J(I)L)_%I)’J_ (]
Proof of Lemma [3| We only need to note that

-1

@ J @’ @ J
“lu=| "t | and + =[O (P JD ), T (P T 0) Y.

ol 0 ol

A.5 Proof of Proposition

We again prove an intermediate result before turning to the proof of Proposition [3|

Lemma 4. Suppose that the assumptions of Proposition[q hold. Then the space spanned
by the columns of A’2 is consitent for the space spanned by the columns of Aj, in the sense
that

ApnQAL B0 and  ApQud, B R,

where R is an orthogonal (K — r) x (K — r) matriz. This result also holds when Qg is

replaced by Q. O
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Proof of Lemma [4]
As defined in Section 3, /1’2 = Qylp2, ..., px_ri1] consists of the eigenvectors associated

with the K — r largest eigenvalues in the system

(Q;\I]T,nQr - [/JIK—T-H)p = 0,

2

»; evaluated at .. These eigenvalues

where W, ,, = n~' 3" wuf(6,7 — 1) and 67, is o
(being continuous functions of ¥, ,,) converge in probability to the largest K —r (positive)
eigenvalues in
QorBo []E(HOZ'(U(;"?@' -1)) - /UK} ByQorp = 0.

The associated eigenvectors satisfy B{Qor[p2, - - -, pr—ri1] = [0, R]', for some orthogonal
(K —r) x (K —r) matrix R. Hence the space spanned by the columns of A converges
in probability to the space spanned by Qo [pa; - - ., pr—rs1] = AR in that Ay QAL 20
and AOQQOA’Q EiN R, although each column of 1212 does not converge to a particular column

of Al,. The last statement of the lemma holds because Q 25 €. O

Proof of Proposition
As IK = A62AOQQO + A/01A01Qo, we may write

Al = ALy Age Q0 Al + A A Qo Al = Alydy + Al dy.

Lemma 4] shows that dy 2 R is invertible. This leads to Ajdy' — Al, = A} dyd;*. Since
0= fllf)fl’z = A1@A62CZ2 + fllflA{nczl, the Proposition (3| follows from

didyt = —(A,QA)TAQAL, = —(A4,Q40,)7 {(Al — Ap)Q + At (2 — QO)] Al
where Ag1QyA}, = 0 is used, and the result that both \/n(A; — Ag;) and /n(Q — Q) are

asymptotically normal under the stated assumptions. This result also holds when wu; is

replaced by @; in computing Q, as Q[s, = Q + O,(n1). O

A.6 Proof of Proposition

Proposition (4| holds because \/ﬁvec(é{ — CY},) can be expressed as
Vnvec(Cl — C) = Tv/n[(6 — 6), vec(D' — D)) + 0,(1).

~

Further, the asymptotic covariance matrix of y/nvec(D" — Dj) is clearly the probability

limit of the covariance matrix of
1 n -1 1 n
Ix ® (— Z xla:;) — Z vee(zul),
L Vn i=1
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while the asymptotic covariance matrix of \/ﬁ(é — 6p) is equivalent to the covariance

matrix of

1 n
Do (P), JoPor) 'L —= Y sibo).
i
Hence, as vec(z;u}) = u; ® x;, the joint covariance matrix is found to be

5 2o oD |

where ¥y is defined in Proposition

Yp = [IK@)]E(xix;)_l]E(uzu ® ;T )[IK@)IPFL(:EZ 0T 1],

and
Sop = B (B, JoBoL )" P, [E(si(é)vec(xiu;))} [IK ® ]E(xi:z:’i)_l],
which lead to the estimator of ¥ in (12)). O

A.7 Proof of Proposition

Let 3,(a) = arg maxg, £4n(Bk, a) and define

aszn sz -9
3” ’ - 7/__ 1— a to za’/uuga 2 /i )
(B, a) 9500 ;1 [ Ors 20wzl )05k o Jrilt.,

where a € II. To use the distribution theory given by Hansen (1996) and Andrews and
Ploberger (1995), we need to verify the following five results:
) Be(a) & By, uniformly in My

i) Jn(Bk, a) 2 Jo(Bk, a) that is uniformly continuous in N, % Hok;

(i
(
(i) Vo (B, a) 2 Vo(Br, a) that is uniformly continuous in N, % Hok;
(iv) do(Bm,,a) and Vo(Bu,,a) are uniformly positive definite in ITpy;

(

v) /18, (Bu,,a) = 8(a) on a € .
By B1, the uniform WLLN applies to ¢, under Hj (see Proof of Proposition , ie.,
Uen(Besa) B E(ly,) = —E[In(o};) + o' BoHyBya(oy; — 1)]
= —E[ln(o};) + (0,7 = 1],
uniformly in Npg,, for any a € Ilgx. Clearly, E(( ) is uniquely maximized by oo = 1 or

Br = Pu,. Hence Bk(a) LN B, for any a € Ilp;. Since Iy, is compact, this convergence is

uniform, i.e., sup,, o, 18k (a) — B, || 2 0, which verifies (i).
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To verify (ii), (iii), and (iv), let J;) be the ™" summand of g, (8, a), and similarly V-

It can be seen that both are bounded by quantities with finite means, because by B2,

O fr
a3,

< 1+ mauiu; exp(g(z:))] g2(2i) + mauiu; exp(g(z:)) g1 (2:),

-2 7 ! /
+ 04 @ u;a i f

Y

10| = H |~ o2 uala)

Vol = 10— opiauia) sl
< [1+ 2mguju; exp(g(z:)) + mi(ujw;)? exp(29(2:)) ] 91(z:),

where m, = max,e,, ||a/|*. Hence, the uniform WLLN of Newey and McFadden (1994)

applies:
30 (B, a) = Jo(Br,a) = E (1 _U];?G,BOHOiB(I) )af;z + E?G/BOHOZ'Béafk,if;;,i]
- k
[ fk’z
= E|(1- i 3
_( Im) 86143 to k:sz sz]

Vo(Br,a) B Vo(Br,a) = E -(1 — ak*?a uiu.a)ka,ifé Z]

= E (1+0 (e ot K)) 2‘71;12(:0/5(T0+1 K)) )fk,z‘flg,z}’

uniformly in Ng, X Ilog, where p'p = 1. Clearly, do(By,a) and Vo(B,a) are uniformly
continuous. Jo(Bu,, a) = E(fori fi:) and Vo(Bu,, a) = E[((p'e frot1:K)ya — 1) for,i fors) are
uniformly positive definite in Ily, under B2.

To verify (v), we need to show that \/n8,(8g,,a) obeys the CLT for any a € Iy, and
that /n8,,(8u,, a) is stochastically equicontinuous in a. Under Hj (o3, = 1) and at 6y,

1 n
Sn(Br,sa) = - > (1= o' Auitif Afp) for

=1

_ - Z p [K B ro+1 K)g(ToJrl:K)/)pfOk 4
T0 fL N2

and ES8,(Bu,,a) = 0 as E(e Tl W) = [, The CLT of McLeish (1974)

applies to v/n8,(Bu,,a) for any a € Iy, by B3. Let the matrix v; = [vj,] = Ix—p, —

1:K 1:K)
81('r0+ )5ETO+ )

. For a,b € Iy, we write a = Af,p, b = Ajy0 and

K—rqg K—rg

8n</6H07 ) BHO; Z Z Zyjlszz Q]+pj)<gl ,01)-
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It follows that

sup ||/ (S0 (Bry. b) — Su(Bry, @) |

llo—pll<e

K—rg K—ro

< s oY)

llo—pll<e j=1 =1

loj + p;| - lor — pil

1 n
T Z le,ifO,i
N3

K—rog K—rg

IS fzuﬂ,fm

Then, for any 7 > 0 and ¢ > 0, there exists a ¢ > 0 such that

limsupP( sup H\/ﬁ(Sn(ﬁHo, b) — 8,.(BHuy, a) H > C)

n—00 llo—pll<¢
1 « ¢
— Vitifoill > =— | <,
vﬁigé; ’ 2¢)

as n~1/? > Viifos converges in distribution and is hence uniformly tight. This ver-

n—oQ

K—rqg K—rg
< limsup P (Z Z
j=1 I=1

ifies that /nS,(Bx,,a) is stochastically equicontinuous in Iy, and, consequently, that
V18, (B, a) = 8(a), a zero-mean Gaussian process on g, (see Andrews (1994), p
2251).

Furthermore, a Taylor expansion of 8, (8,(a),a) at g, gives

\/E(Bk(a) - 6H0) - _371(Bk(a)7 a)_l\/ﬁsn(ﬂHoy CL) = _EO(BH(M a)_lg(a)u
where fi(a) is a point between fi(a) and By,. The Taylor expansion of £, (Bk(a), a) —
Cen(Bry, ) at B(a) leads to

nlin(Brla), a) = g(ﬁk(a) — Br,) 80 (Br(a), a) (Br(a) — Br,) = %S(G)'HO(BHW a)”'8(a),

which delivers the results in (a)-(c) of Proposition [ Moreover, Proposition [f (d)-(e)
follow from the continuous mapping theorem:.

To show that the impact of using 4; instead of u; is negligible, let 8,, be the version of
S (B, a) using 4;, similarly J,, and V,,. B4 and the fact that @; = u; + (Do — lA)):z:l lead to
V7 (85 = 8a(Brs )| = Op(n™72), 30 = 3(Br, a)l| = Op(n), and ||V — Vi (B, a)| =

O,(n~1) uniformly over Ny, x Iog, which concludes the proof of Proposition . O

A.8 Proof of Proposition []
Under both Hy and H;, Proposition [3] implies
Agui = (Ci/QAOQ -+ (jllA()l)ul = CZ/2€§2) + Cillé‘z(-l),
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where dy converges in probability to an orthogonal matrix R and dy = Op(n_l/ 2). Then,
Agul Ay = dye@e@'dy + deP eV dy + deWeP dy + dieMeVd,

holds, which leads to

~

& = Divec(AyusulAl)

+‘Dj__(d\,1 ®d\,2)VGC(€(2) )+1D+<d/ ®d,)VeC( Z() )+®+(d/ ®d,)VeC( () (1)/)

&

It follows that, with M, = Dt (d, @ d})D, and Z/ = [1,uw/],

Y &zl =M,Y &Z+0,(1)
i=1 i=1

since ]E(sf)sgl)/‘l/[/i) = 0 and the CLT applies to vec(vec(e; (1) (2) )Z!). Under both Hj and

H;, the feasible OLS estimator can then be expressed as

lGo, éu] = Mn<i§iZ{> (i Zl-Z{> T Lo,m), (21)

Under Hi,

lo, &1] — M,[ao,0] = Mn<§n:gizg> (i ZiZZf)_l +0,(n7h).
=1 =1

Because the CLT applies to (;Z!, the asymptotic distribution in Proposition @ (a) is

verified, i.e.,

\/ﬁvec([do, é1] — MyJao, 0]) 2 N(0, V),
where V,, = V' @ MoV M|, V; = var((;), Vz = E(Z;Z!), and M, is the probability limit
of M,. Since & — My& = Op(n"V?), G = MG + (& — Mo&) + (Mo — 6)Z;, and
G¢l = MoGGM,, + Oy(n~1?), we find

. ] — -1 1 = ; -
— (2 ZiZf> (— if)&v*1 MoV M,
(n; i ® n;CQ A & Mo ¢to

as claimed in Proposition [f] (b). The results in Proposition [0 (¢) follow directly from (a)
and (b). Under H;y, applying the WLLN to implies the result in Proposition [f] (d)
where « = E(§Z))E(Z;Z!)~'. Under Hj, the residual can be written as

~

G = Mo(& — aZi) + (& — My&) + (Mo — &) Z; = M, (& — aZy) + 0,(1).
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Using the WLLN and noting the values of oy and «q, we verify Proposition |§] (e),
Iy 1
=3 Gl == Mu(& — aZi)(& — aZi) M), + 0p(1) 2 My(Ve — CewV,, ' CL ) M.
n n ’
i=1 i=1

The results in Proposition [f] (f) follow from (d) and that the matrix in Proposition [f] (e)
is invertible.
To assess the effect of using ;, let & = vech(Ayi;a}AS). It holds that
gz‘ = éz + ‘Dj(AQ.D X Ag)vec(uix;) + @j(AQ X AQD)VGC(ZE‘Z'U;)
+DF(Ay,D @ AyD)vec(x;at),
where D = Dy— D = O,(n~"/2). Because a CLT applies to vec(vec(u;x})Z!) and a WLLN

applies to vec(x;z})Z!, we have
Y GZI =D &7+ 0p(1) = My > &7+ Oy(1),
i=1 i=1 i=1

ie., Yo" &Z! is asymptotically equivalent to Y i éZZZ/ , which proves the last statement
of Proposition [6] O
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