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Abstract

A state—space approach provides a general unified framework for calculation of the Beveridge—Nelson
decomposition for a wide variety of time series models, including al univariate and vector ARIMA models.
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1. Introduction

The decomposition method introduced by Beveridge and Nelson (1981) provides a convenient way
to estimate the permanent and transitory components of an integrated time series. Given a forecasting
model for the first-differences of the series, the Beveridge—Nelson (BN) trend is the long-run forecast
of the level of the series (minus any deterministic drift) and the BN cycle is the gap between the
present level of the series and its long-run forecast.

In practice, calculation of the exact BN trend and cycle is often complicated by the presence of
infinite sums in the long-run forecast. This paper points out, however, that exact calculation of the BN
trend and cycle is relatively straightforward if the forecasting model can be cast into state—space form.
Examples include all univariate and vector ARIMA models. Thus, the state—space approach provides
a general unified framework for BN trend/cycle calculation for all of the cases discussed in the
previous literature, including Cuddington and Winters (1987), Miller (1988), Newbold (1990), and
Arino and Newbold (1998).
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2. Motivation

To motivate the state—space approach, first consider an integrated time series {Y,} "~ that can be
most accurately forecast using a stationary univariate AR(1) model for its first differences:

QAY, = p) = pAY,_, — ) + 1)

where € ~1i.i.d.N(O, %), |¢| <1, and AY, =Y, —Y,_,. By considering the implied Wold form from the
AR(1) model, it is straightforward to show that, under the assumption of normality, the minimum
mean squared error (MSE) j-period-ahead forecast of the first difference is:

E[AY,,; — w)]=¢'@Qy, — p) 2

where lower-case Ay, denotes the realized value of the random variable AY,. The BN trend, denoted 7,,
is defined as the minimum MSE forecast of the long-run level of the series (minus the deterministic
drift) or, equivaently, the present level of the series plus the infinite sum of the minimum MSE
j-period-ahead first difference forecasts:

T Eliﬂl ElYi ;=3 - ul=Yy, +5imo 21 E[[(AY”J' — )] 3

Thus, substituting (2) into (3), the BN trend of observation y, for the AR(1) case is:

Ryt g By, ) @

That is, the trend is the present level plus the long-run impact of the transitory momentum in the
series implied by the deviation of Ay, from its steady-state level u = E[AY,]. Meanwhile, the BN
cycle, denoted c,, for the AR(1) case is:

6= — 125 By - ) @

Note that the cycle is defined in the conventiona way as the deviations from the trend (i.e.
c, =y, — 7). Then, as discussed in Morley et al. (2001), the BN trend and cycle provide estimates of
the permanent and transitory components of y,.

3. A state—space approach

Given the BN trend/cycle decomposition for the AR(1) case, it is straightforward to generalize to
any case where the first differences of {Y,}"> can be most accurately forecast by a model that can be
cast into state—space form, including all univariate and vector ARMA models. In particular, suppose
(AY; — u) is alinear combination of the elements of a kx1 state vector X;:

'Beveridge and Nelson (1981) define the BN cycle as the trend minus the level.
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AY,—p=[h; h, - h]X (5

whereh,, i =1, 2,... k isthe weight of the ith element of X, in determining (AY, — u). Furthermore,
suppose state vector X, evolves according to the following first-order stochastic difference equation:

X =FX_ i+, )

where v, ~N(0, (1) and the eigenvalues of F are less one in modulus. Then, it is straightforward to
show that the minimum MSE j-period-ahead forecast of the first difference AY,,; is:

E[AY,;]=[h, h, --- h]F'E[X] @)

Note that, since the state vector may contain unobserved elements (see, for example, the
ARIMA(2,1,2) example considered below), the expectation E,[X,] may have to be obtained prior to
calculating (7). Fortunately, the Kalman filter, which can be employed to obtain exact maximum
likelihood estimates for state—space models with unobserved elements, provides this expectation”
Thus, denoting the Kalman filtered calculation of the expected state vector X, = E,[X], the BN trend
of observation y, for the genera case is:

=Y, +t[h, hy, - hRJFI—F) "X, (8)
Meanwhile, the BN cycle of y, for the genera case is:
¢=—[hy h, --- h]F(— F)_lxm 9

Again, the BN trend and cycle provide estimates of the permanent and transitory components of ,.

4. Two examples

To illustrate the general usefulness of this approach, two examples are provided. The first example
is a bivariate vector error correction model (VECM) as used for aggregate income and consumption in
Cochrane (1994). The second example is a univariate ARIMA(2,1,2) model as used for real GDP in
Morley et a. (2001).

4.1. A bivariate VECM

Cochrane (1994) employs a special case of the approach proposed here to calculate the BN trend
and cycle of observed aggregate income (y,) given aVECM forecasting model of aggregate income
{Y;} "~ and consumption {Y{} . A dlightly simplified form of his model has the following state—space
representation:

?See Harvey (1990) for the full details of the Kalman filter and state-space models. Technically, the Kalman filter
calculates the minimum MSE linear projection of the state vector on the observable data. Thisis equal to the expected value
under a Normality assumption.

®Cochrane (1994) considers second-order dynamics for the first differences of output and consumption.
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AY, — p Y1 Y2 V13 A, —p Uy
AYtC M =| Y1 Y22 Vo3 Athfl M +1| Vot (10)
Yt_Yf_ o Vi~ Yor Yz~ Yer 1t ¥z ¥ Yt—l_YtC—l_ o Uyt =~ Vgt

or, more compactly,

X=FX_ito (10%)

where v, ~N(0, ) and the eigenvalues of F are less one in modulus, which corresponds to
cointegration of aggregate income and consumption with cointegrating vector [1 —1]. Then, noting
that (AY, — u) =[1 0 O] X, the BN trend of observed y, is:

=Y, +[1 0 OJF(I —F) " x, (11)

where the X, term in (8) is set to the realized value of the state vector X, since, in this example, its
elements are all observable at time t. The BN cycle of vy, is:

c,= —[100]F1—F) 'x (12)

4.2. A univariate ARIMA(2,1,2)

Morley et a. (2001) employ the state—space approach proposed here to calculate the exact BN
trend and cycle of observed real GDP (y,) given areduced form ARMA(2,2) forecasting model of the
first differences of {Y,} 7. It isimportant to note that the calculation of the exact BN trend and cycleis
nontrivial in this case due to the presence of unobservable moving average terms in the forecasting
equation. Also, it should be noted that there are multiple possible state—space representations for the
model. However, the companion form representation for an ARMA(2,2) is convenient since it has
(AY; — u) as the first element of the state vector X::

AY, — u ¢ ¢ 0 G|[AY 1 —u &
AY, ,—pu|l |2 0 0 oflAY ,—u]| |0
e =fo 0o o0 ole., e (13)
e_, 0O 0 1 O0|le._, 0

or, more compactly:

X=FXitu (13)

where v, ~N(0, 1) and the eigenvalues of F are less one in modulus (equivaently, the roots of
(1— ¢,z— ¢,7°) =0 lie outside the unit circle). Then, the BN trend of observed vy, is:

=Y, +[1 0 0 OIF(—F) "Xy (14)
Meanwhile, the BN cycle is:

¢=-[1 0 0 OF(—F) "X, (15)
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Again, the problem of unobserved moving average terms in the forecasting equation is solved by
using the Kalman filter calculation of X, = E[X].

5. Conclusion

A dtate—space approach provides a straightforward and general unified framework for BN
trend/cycle calculation for a wide variety of models, including all univariate and vector ARIMA
models.
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