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A  Proof of Theorem 2

We fix an SCF f which is implemented under complete information by the MR mechanism I'"ME,
We let p be a complete information prior and show that for the sequence of priors v (indexed
by € > 0) as specified in (% % *) of Section IIL.B, there is no sequence of equilibrium strategy
profiles converging to truth-telling. Let T™Z(1°) be an incomplete information game associated
with the MR mechanism and a prior v°. By way of contradiction, assume that for each ¢ > 0, there
exists a profile of mixed equilibrium strategies of the game I'™% (1) such that as € goes to 0, the
probability that both players report their signals truthfully converges to 1. Fix such a sequence
of mixed equilibrium strategy profiles. We then use the following notation to describe equilibrium

play in the games I'M%(1):
. 02’{ denotes the probability that player 1 with signal slf’l announces 9{ at Stage 1 of Phase 1;

. A;Jl [éﬂ denotes the probability that player 2 with signal sg’l announces 0{ at Stage 2 of Phase
1 given that at Stage 1 of Phase 1, player 1 has announced 6,

. pijl denotes the probability that player 2 with signal sg’l announces 0% at Stage 1 of Phase 2;

and

° T]ilj [ég] denotes the probability that player 1 with signal s’f’l announces 9% at Stage 2 of Phase
2 given that at Stage 1 of Phase 2, player 2 has announced fs.

Using the above notation, our hypothesis to derive a contradiction is summarized as follows:
for all k # j, all [ and all announcements 91, az’l‘ and )\Z]l [él] converge to 0 as € — 0; and for all
I # 7, all k and all announcement ég, pzjl and TZZJ [ég] converge to 0 as € — 0.

We will use the following claim about the properties of the MR mechanism under complete

information:

Claim 1. For truthtelling to be the unique subgame-perfect equilibrium of the MR mechanism under

complete information, it must be that for each 0 = (01,02) and each ¢1,

u1 (f(61,02);01) > Ur(y(¢1,01);01) — tyer,6,) — A, (1)



and

uz(f(01,02);02) > Uz (x(61, $1); 02) + Lo, .6,) — A (2)

Proof of Claim 1. Suppose first that Inequality (1) goes the other way, that is, for some 6 = (61, 62)

and some ¢;, we have

u1(f(01,02);01) < Ur(y(91,01);01) — tys,,0,) — A

Then, under complete information where the true state is 6, we claim that truthtelling is not a
subgame-perfect equilibrium: player 1 has an incentive to deviate by claiming some ¢, # 61 (and
player 2 challenges player 1’s report at Stage 2 under truthtelling) in order to reach Stage 3 where he
would pick {y(¢1,01),ty4,,6,) +A}. This contradicts the hypothesis that truthtelling is a subgame
perfect equilibrium of the MR mechanism under complete information.

Now, suppose instead that for some 6 = (01, 62), and some ¢; # 6, we have

ur(f(01,02);01) = Ur(y(d1,601);01) — ty(g,.0,) — A

In this case, we claim that there is a subgame-perfect equilibrium at § = (01, 62) where player 1 does
not report truthfully. To see this, we propose the following strategy profile o*: At Stage 1 of Phase
1, player 1 reports ¢ # 01; player 2 reports the true state 61 at Stage 2 irrespective of player 1’s
announcement; and at Stage 3, player 1 always plays his optimal action. Note here that player 1’s
optimal play at Stage 3 depends on what he reported at Stage 1. In Phase 2, both players always
report truthfully and player 2 plays his optimal action at Stage 3. Here again, player 2’s optimal
action at Stage 3 depends on what he reported at Stage 1. Given the continuation strategy profile
from Stage 2 induced by ¢*, player 1 is indifferent between reporting ¢; and 6; at Stage 1, and so
(if truthtelling is a subgame perfect equilibrium) this o* is indeed a subgame-perfect equilibrium
at 0 = (01,02). This contradicts the uniqueness of truthtelling as a subgame perfect equilibrium of
the MR mechanism under complete information.

Similarly, we must have that for each 6 = (01, 602) and each ¢,

uz(f(61,02);02) > Us(2(01, d1); 02) + Lo, 41y — A

By way of contradiction, we argue why this must be the case. Suppose first that for some 6 = (61, 62)

and some ¢1, we have

uz(f (01, 02);02) < Ua(z(01,¢1);02) + too,,6,) — A

Then, under complete information where the true state is 6 = (61, 62), we claim that truthtelling is
not an equilibrium: player 2 has an incentive to deviate by claiming some ¢ # #; in order to reach
stage 3 where player 1 would pick {z(01,$1),t5(6,,6,) + A}. This contradicts the hypothesis that

truthtelling is a subgame perfect equilibrium of the MR mechanism under complete information.



Now, suppose instead that for some 6 = (61, 62), and some ¢; # 61, we have

uz(f(61,02);02) = Ua(z(01, 1); 02) + tro,,6,) — A

In this case, we claim that there is a subgame-perfect equilibrium at 8 = (01, 602) where player 2
does not report truthfully. To see this, we construct the following strategy profile o**: At Stage
1 of Phase 1, player 1 always reports 6 truthfully; player 2 reports a false state ¢, if player 1
has claimed 6; and otherwise challenges with 6;; and at Stage 3, player 1 always plays his optimal
action. Note here that player 1’s optimal play at Stage 3 depends on what he reported at Stage
1. In Phase 2, both players always report truthfully and player 2 plays his optimal action at stage
3. Here again, player 2’s optimal action at Stage 3 depends on what he reported at Stage 1. Since
player 1 would choose {x (01, $1),5(9,,4,) + A} at Stage 3, player 2 is indifferent between reporting
01 and ¢, at Stage 2 after player 1 reported #;. This shows that (if truthtelling is a subgame
perfect equilibrium) o** is a subgame perfect equilibrium where player 2 does not report truthfully.
However, this contradicts the uniqueness of truthtelling as a subgame perfect equilibrium of the
MR mechanism under complete information. This completes the proof of the claim. m

Now, let us fix the prior v* (as defined in (* * %) of Section III.B. Consider the case where
player 1 receives slf’l. Clearly, 15 (6%, 65, sg’l\slf’l) — 1 as ¢ — 0. Hence, at Stage 1, by continuity of
expected payoffs with respect to beliefs, the expected equilibrium payoff of player 1 for announcing

0% converges (as e vanishes) to

ur (f(0F,65);65),

while if he lies by claiming ¢; # 6% at Stage 1, his expected equilibrium payoff converges to

something (weakly) smaller than

Ui (y(or, 0?)3 elf) - ty(¢1,9’f) - A

By Equation (1) and when ¢ is sufficiently small, there is no way that the equilibrium strategies
{Uzg , )\ijl [91], pi’i, T,ilj [ég]} kol jdy G, COLL make player 1’s best response indifferent at Stage 1. Hence,
for € > 0 small enough, player 1 with signal slf’l plays pure strategies at Stage 1 of Phase 1. This
reasoning holds for an arbitrary choice of s]f’l so that player 1 plays in pure strategies irrespective
of his signal.

Note now that player 1 with signal s]f’l could deviate and claim that 9’1“/ is the true state where
k' # k. In this case, because player 1 plays in pure strategies (and hence, the equilibrium is fully
revealing), in the first phase, after observing 0’1“’, player 2 believes with probability one that player
1 has received a signal of the form s]f/’l for some I'. We claim that player 2 with signal sg’l will
not challenge: indeed, by construction of v*, player 2 with signal s];’l believes with high probability
that 6 = (61, 0) where 05 = 0} is the true state. If player 2 challenges with 6%, by construction
of ¢, he expects player 1 to choose {m(G’f’,G’f),tx(elf/ﬂf) + A} at Stage 3. On the other hand, if
he does not challenge, his expected payoff would tend to ua(f (0’1“/, 0L);0L) as e vanishes. Hence, by



Equation (2), for ¢ > 0 small, player 2 will be better off by not challenging. Thus, we get that
)\Z’If[mf/] = 0, which is a contradiction. This completes the proof of Theorem 2.

B Proof of Theorem 3

We first introduce some notation. Given a prior p over © x S, we write p(6) for [marggu|(), and
given s_; € S_;, we will write pu(s_;) as [margg .ul(s—;). Finally, given an arbitrary countable
space X, 0, will denote the probability measure that puts probability 1 on {z} C X.

For the sake of completeness, we reproduce the definition of Maskin monotonitity: A social
choice correspondence (SCC) F on a payoff relevant state space © is Maskin monotonic if for all
pair of states of nature § and 0" if a € F(#') and

{(6,0) [ui(a; 0') > ui(b:0')} € {(i,b) [uila; 0") > us(b;0") } (%)

(i.e., no individual ranks a lower when moving from 6’ to 6”), then a € F(6”).

Let o be any complete information prior, and assume that a mechanism I' SPE-implements a
non-Maskin monotonic SCC F. By hypothesis F is not Maskin monotonic, so there are 6, 8" and
a € F(0') satisfying (*) in the definition of Maskin monotonicity while a ¢ F(0"). We now fix this
particular ', 8” and a throughout.

Since the mechanism I"' SPE-implements F, there exists a pure strategy subgame-perfect equi-
librium my, in T'(#’) such that g(mj,) = a. Fix one such equilibrium. Clearly, mj, is a Nash
equilibrium of T'(#’). From (x) in the definition of Maskin monotonicity, it follows that my, is also
a Nash equilibrium of I'(6”). Recall that H denotes the set of all possible histories. For each t > 0,
let h} be the history induced by my, up to date ¢ and let H* denote the set of all such histories for
any t. In addition, for each player ¢, let H* ; be the set of histories h along which every player j # 4
has chosen the message m;,d(h) ; formally, H*, = {h € H : h = (0,m',m?, ..., mt~1) for some ¢
and mzl = m;ké: for all ## <t —1 and all j # i}. Note that h; € H*, for each ¢ > 1.

Consider the following family of information structures v°. For each player i, let 7; represent
the profile of signals s = (s1, ..., $,) defined by s; = sf” and s; = s?l for all j # 4. For all 4, v° is

given by!
V(O T) = %,u(ﬂ', s7);
VA0, s7) = (1 —e)u@,s”); and
V50, s%) = (8, %) Vo £ 0.

In this information structure when the state is anything other than 6’ or ”, the state is common

knowledge. Furthermore, when a player observes s?, he knows that the state is #. Obviously,

!This sequence of perturbations is similar to that used by Chung and Ely (2003). However, because sequential equi-
librium requires verifying sequential rationality conditions that are not imposed by undominated Nash equilibrium,
the body of proof is very different from that in Chung and Ely (2003).



v® — p as € — 0. The support of v* is denoted
supp(v°) = {(6, sé) 0 ecO}U{(#,m):i€e N}.

Before we prove Theorem 3, we introduce some notation and the formal definition of sequential
equilibrium. A system of beliefs of agent i is defined as a function ¢; : S; x H — A(© x S_;). Let
®i[(0,5-4) | si, he] denote agent i’s belief that (6,s_;) is realized when agent i’s signal is s; and the
observed history is h;. We will henceforth abuse notation and sometimes consider ¢;[(0, s_;) | si, ht]
as an element of A(O x S). We also say a vector of beliefs ¢ = (¢1, ..., ¢y) is Bayes consistent with
a strategy profile o if beliefs are updated from one stage to the next using Bayes’ rule whenever
possible (see Fudenberg and Tirole (1991a) for its precise definition). An assessment is a pair (¢, o)
consisting of a profile of beliefs and a pure behavior strategy profile. We formally define sequential

equilibrium.

Definition B.1. A sequential equilibrium is an assessment (¢, o) that satisfies condition (S) and
(©):
(S) Sequential rationality: for alli € N, s; € S;,hy € H :

S il soilsi he] {ui(g(o(s); h); 0) — wi(g((o7(si), 0-i(5-4)); hu); 6) } = 0

(6,5_:)EOXS_;

for each o).
k

C) Consistency: there exists a sequence of totally mized strategy profiles (o, ..., o) converging
1 n

to (o1, ...,0n) with Bayes consistent beliefs ¢F converging to ¢.?

Now we come back to the proof and in particular, build a sequential equilibrium (¢°,0°) of
I'(v%) where g(o¢(s?"); ) = a for each ¢ > 0 small enough. This will show that there exist a
sequence of priors {v°}.~( that converges to u and a corresponding sequence of sequential equilibria
{(¢%,0%) }es0 such that g(o®(s?");0) — a ¢ F(0") as € goes to 0. This will complete the proof.

In the sequel, we will omit the dependence of ¢ with respect to £ and simply write o for o°.
In the following lines, we define a strategy profile o and a family of systems of beliefs ® so that
g(o(s”
¢ € &. We define ® and o as follows:

);0) = a. In addition, we will show that (¢, ) is a sequential equilibrium of I'(v¢) for some

Definition of o:

¥1. For any player i and any h; € H* or hy ¢ H*;, 03(hy, s ) = m;e,(ht);?’

2Convergence in the definition of consistency is taken uniformly over messages and histories. Given that the set
of messages (and so the set of histories) can be countably infinite, two natural convergence notions can be used:
point-wise convergence or uniform convergence. The set of sequential equilibria is smaller when one assumes uniform
convergence. Hence, the use of uniform convergence strengthens our main result.

3Note that players here send the messages that m prescribes for state 8 when their signal suggests that the state
is 0”.



3:2. For any player i, any h; € H* ,\H*, oi(hs, sf“) = m;(hy) where m; satisfies for any hy,

hi € H or hy ¢ HZ;, = mi(ht) = mj g (he);
he € HE\HY = mi(hy) € argmax y 1= (0s! Yui(g((mf, m*; g:); he); 0),
0

where the max is taken over all pure messages m/ € M, that differs from m; only at h.* By

A1 there exists such m;;
3. For any player ¢ and any hy € H, o;(hy, sf/) =m} g (he);

¥4. And for any h; € H, ai(ht,sf) = m% (h) for 0 # 0,0" where m? is an arbitrary pure

strategy subgame-perfect equilibrium of T'(8). (This is well-defined since F is implementable

in subgame-perfect equilibrium under complete information.)

Definition of &:
¢ € @ if and only ¢ satisfies the following three properties.

®1. Fix any i € N, any h ¢ H*,
bi [.‘sf“, ht} = 6(9’,S(i/i)
and
a6 1.0 < o [14])
and for all [ # ¢ with hy € H* \H*,

(i.e., player [ has deviated from the path prescibed by m},)
oil(0',m) | 87 hy] = 0.

®2. For any i € N, any h; € H*;, any s; € {s?, 57"},

Gil*|siy he] = v°(¢s4).

9/ 9//
iS5

®3. For any i € N, any h; € H and any sf ¢ {s }, i [-‘sf,ht} = 5(9~ o) where 0, denotes

the probability measure that puts probability 1 on {z}.

Note that hr[o(s?"),0] = hy[mj,, 0] and so, o generates g(o(s”"); 0) = g(m}; 0) = a. Hence, it

only remains to show that (¢, o) constitutes a sequential equilibrium for some ¢ € ®. In Section B.1,

4Note that the maximization above is over all pure messages m, € M; that differs from 7; only at h. Hence,
since player ¢ may be playing at several stages, it might be the case that this maximization depends on what player
¢ is playing at further histories, and these further histories may be outside H* ;\'H* (for instance in case a player j
different of ¢ does not play according to m;,gl at some subsequent history). This is why we also have to define m;
outside H* ;\H".



we show that (¢, o) satisfies sequential rationality for any ¢ € ®; and we establish that (¢, o) satisfies

consistency for some ¢ € ® in Section B.2.

B.1 Sequential rationality
Fix any ¢ € ®. Sequential rationality of (¢, o) will be proved by Claims 2 and 3 below.

Claim 2. For anyi € N, s; # S?”,ht eH:

> il(6,5-)lsi, ] Ui(g(U(S);ht);é)—Ui(g(aé(si)ao'—i(s—i);ht);é)} >0

for each o).

Claim 2 states that for any player ¢ with any signal s; # s?”, o; is a best response to o_; given
his belief ¢;. This will be checked by considering three classes of histories: (1) Histories where all
players have played according to the equilibrium my, (i.e., in H*); (2) histories where player i has
not played according to m;,, but all other players have (i.e., in H*;\H"); and finally (3) histories
where some player other than ¢ has not played according to my, (i.e., outside H* ;).

In particular, in the non-trivial case where s; = sf', we will show that for any of these histories
h¢, whenever player ¢ follows o; against o_;, player i believes with probability one that the outcome
will be given by g(mj,; hy), while if player ¢ deviates from o;(s;) to some m) , player i believes
with probability one that the outcome will be given by g(m}, miiﬁ,; h¢). Because mj, is a subgame-
perfect equilibrium in the complete information game I'(f') and player ¢ with signal sf/ believes

with probability one that 6’ is the true state, this will prove the claim.

Proof of Claim 2. Fix any player ¢. This claim is obvious for sf #* sf/ because by ®3, ¢; [ ‘s?, ht] =
5 _

(6,59 ) and so state 6 is common knowledge. By 34, we can further conclude that o(s?) = mg is a

subgame-perfect equilibrium in the complete information game I'(6). Hence, we focus on the case
9/

i

where s; = s? . By construction, v(¢’ |sf/) = 1 and so this player knows the state is §’, and he
knows the profile of signals is either s? or 73, for some k # i. We partition the set of all histories
into three classes H*; H* \H* and H\'H*, and consider the following three cases: Case (1) hy € H*;

Case (2) hy € H* ,\H*; and Case (3) hy & H*,.

o Case (1): hy € H*

In this case, each player has played according to my, and if players j # i received signals of
either s?-/ or 32//, by 31 and X3, this will continue to be the case as long as all players conform
to o. So when players are playing strategy o, and the profile of signals received is s? or 74, for
k # i any subsequent history also falls into #*. Thus, g(o(s?); k) = g(o(); he) = g(mp; he).

Now suppose player i deviates to a strategy o} so that o!(s{') = m/. Clearly, since m/ #
oi(s?/), there is a date at which player i does not play according to m},,. Thus, by 31 and

>3, when the profile of signals received is either s or 73, for k # 4, any subsequent history of



hy either falls in H* (player i has played according to m;, so far) or does not fall in H* . for
each k # i (at some point in this history, player i has not played according to m;, ). In each
of these cases, again by X1 and X3, player i’s opponents are playing according to m*, ,.. So
we get 5

/

g(oi(s!),0-i(s%)s he) = g(oi(s?), 0—i(mi)s he) = g(miym™; g ).

Here again, since my, is a subgame-perfect equilibrium in the complete information game
I'(#"), we have
wi(g(mg; he); 0') > ui(g(mi, m*; g5 he); 0").
Thus, we get u;(g(a(s);he);0") > ui(g(al(s?), 0 i(s7); he); 0') and w;(g(o(3); he); 0') >
ui(g(ai(s?), 0_i(73); he); 8') for each k # i. Now since by ®2, ¢;[- | 87, hy] may assign strictly

positive weight only to (¢,s%,) and (¢', 1) for each k # i, we can conclude

> 6ill@,s-0)ls? ] [wilo(@i(s? ), o-is-i): )i 0) — wilg(@i(s) ), o—ils—i); )i )] = 0.
(6,5-4)

e Case (2): hy € H* ,\H*
Since h; € H*,

clear that h; does not fall in H*; for each k # i (recall that H*, is the set of histories under

which every player j other than k has played according to m;ﬁ,). It is also clear that any

and hy ¢ H*, only player i has not played according to m},. Then, it is

subsequent history does not fall in H*, for each £ # i. By X1 and X3, we thus obtain
that each player k other than ¢ will play according to m’,;e, at any subsequent history when

. . . / "
receiving signal si or s?". Hence,

9(o(s"):he) = g(o(mh); he) = g(miy: o).

Consider the case where player i deviates to a strategy o so that Ug(sf/) = m/. Here, since
(by a similar argument as above) any history that player ¢ can achieve by deviating does not
fall in H*, for each k # i, each player k other than ¢ will be playing according to m,’;e, at

any subsequent history whether he receive sil or sg//, which implies
1.0 0. _ 10,0 . _ / * .
g(oi(s; ), 0-i(s2;); he) = gloi(s; ), 0—i(Th); he) = g(mi7m—i,9/a ht).

Since my, is a subgame-perfect equilibrium in the complete information game I'(¢), we already

have w;(g(mg; he); 0') > ui(g(mi, m*; o3 he); 6'). Thus, we also get

wi(g(o(s”); he); 0') > wilg(oi(s? ), 0—i(s”,); he); ¢) and

ui(g(a () he); 0') > ui(g(oh(s?), o i(h); he); @) for each k # i.

"We abuse notation because we should use a,i(n\s?/) instead of o—; (7).



Now, since by 2 we know that qﬁi[-]sf/, hy] assigns a strictly positive weight only to (6, s‘i'i)

and (0, 1) for each k # i, we can conclude

Y dil0s-i)ls! he] |uilg(o(s?), 0-i(s—i), he); 0) — wilg(oi(s] ), o—i(5-3); hu); 6) | = 0.
(6,5_4)

Case (3): hy ¢ H*,
In this case, at least one player j # ¢ has not played according to m;fve,.

By 323, we know that when each player j receives signal s?l, then these players play according
to m}f’g,, SO 0(59') = my,. Thus, at history h, the outcome achieved by playing o when the
9/

profile of signals is s” must be the same as the one when playing my,, i.e.,

9o (s" ) he) = g(mis hu).

In addition, for each I # i with hy ¢ H*,, by definition, some player j other than [ has not
played according to m;“-’e, and obviously this will continue to be the case at any subsequent
histories. Hence, any subsequent histories does not belong to H*; either. At any such
histories, we know by 31, that player [ will be playing according to m;‘ﬁ/ when he receives s?"
while when players j other than [ receive signal S]e/, by 33 they will also be playing according
to m;fje,. Hence, we get that the outcome achieved from history h; when playing o and when
the profile of signals received is 7; is equal to the outcome achieved from history h; when

playing mj,. Otherwise stated, for each [ # i with h; ¢ H*;, we have

9(o(m); he) = g(mgr; ha)-

Now, when player i deviates to some strategy o} such that ag(s?/
0/

—’l"

) = m/, using the argument
above, when the other players receive signal profile s” ., we know that the outcome achieved
is
"¢ (%) h) = " m* o ah
g(oz(sz )70—1(371)7 t) - g(mwm—zﬁ” t)‘
while for each I # i with h; ¢ H*,, we know that

17 0

g(oi(s; ), o—i(m); be) = g(mé,m*_w,; ht).

Since mj, is a subgame-perfect equilibrium in the complete information game I'(¢'), we have

ui(g(mpy; he); 0') > wi(g(mf, m* e ht);0"). Thus, we get

wi(g(o(s”); he); 0') = wig(oi(s?), o-i(s%,); he); 0)

and for each I # i such that by & H*,, ui(g(o(n);he);0") > wi(g(oh(s?),o0-i(m); he); 0").

(2

Because by ®1, ¢;[-|s¢, hy] may assign strictly positive weight only to (¢,5%,) and (¢’,7) for



each [ # i such that hy; ¢ H*,, we can conclude

S 6ul@s-)ls?' ) [uslg(o (! 503 he); 8) — wilg 047 ), oi(s—3); hu); 0)] > 0.

(0,5_4)

This completes the proof of the claim.

Claim 3. For any i € N, sz—s ,andhtE'H

™ 0il(6,5-)lsis ] [ui(9(0(5); ha); 6) — wil9(0l(s:), 7i(5-): ;)] > 0

(075— )
for each o.

This claim states that for any player ¢ with signal sf//, o; is a best response to o_; given his
belief ¢;. Here again we consider the same partition of histories as in Claim 2. When h; is a history
where each player has played according to my, (i.e., hy € H*), player i assigns positive probability
to both 6” and #’. However, we will show that here again player i believes with probability one that
the other players will be playing according to miw,, whether he deviates or not. Hence, if he does
not deviate and hy € H*, he gets a while if he deviates to m/ he gets g(m, m*, g h¢). Because my,
is a subgame-perfect equilibrium in T'(f"), we know that the deviation is not profitable if 6 is the
true state, and Maskin monotonicity (Condition (x) of Maskin monotonicity) implies that this is
also not profitable if the state is #”. Since these are the only states to which player i assigns strictly
positive probability, this will complete the argument for this class of histories.

The easy case occurs when h; is a history where a player other than ¢ has not played according
to mj, (i.e., hy ¢ H*,;). In such a case, player i believes with probability one that ¢’ is the true
state. In addition we will check that whenever player ¢ uses o; against o_;, player i believes with
probability one that the outcome will be given by g(mj,; h¢), while if player ¢ deviates from o;(s;) to
m;, player i believes with probability one that the outcome will be given by g(m/, mti,e,; hi). Here
again, the fact that my, is a subgame-perfect equilibrium in the complete information game will lead
to the desired result. Finally, in the last case where player ¢ has not played according to mjy, while
all other players have (i.e., hy € H* ,\H*), we will also check that player ¢ assigns probability one
to his opponent playing m*_ive,. But o; has been constructed (see ¥2) so that playing o; is better
than any one-shot deviation. Then the one-shot deviation principle for sequential equilibrium will

complete the proof of Claim 3. Taken together, Claims 2 and 3 establish sequential rationality of
(¢, 0).

Proof of Claim 8. This claim will be proved by studying three different cases depending on the
type of history we consider: (1) hy € H*; (2) hy ¢ H*;; and (3) hy € H* ,\H*".

e Case (1): hy € H*

10



In this case, each player has played according to my,. Note that, by X1 and X3, if each player
J received signals of either sJ or s , this will continue to be the case as long as all players
conform to o. So when players are playing strategy o, and player i's opponents received

either signal profile sﬂli or 561;, any subsequent history also falls into *. Thus,

glo(s?,s%)she) = glo(s], %) he) = g(mis ).
Now suppose that player i deviates to a strategy o/ so that o/(s!") = m/. Since m} # o;(s?"),

there must exist a date at which player ¢ does not play according to m; ,,. Thus, by 31 and
0"

7, any subsequent history of h; either

>3, when player i’s opponents receive signal s ,ors
falls in H* (player i has played according to m}, so far) or does not fall in H*, for each
k # i (at some point in this history, player i has not played according to m;, ). In each of

these cases, by 31 and 33, player i’s opponents are playing according to m* i So we get

9(02(5?,,%07 ( ) hi) = g(o ( 6”)70'7 (s 9”) hi) = 9( iz’,@’;ht)- (3)

Here again, since my, is a subgame-perfect equilibrium in the complete information game
(0", we have

ul(g(mz/’ ht)a 9/) Z U@(g(m mil 0’5 h/t) 9 )

Thus, we also get
uilg(o(s!,s%);he); 0) > wilg(oi (s ), o-i(s%3); he); 0). (4)

The above inequality, together with (3), also implies
ui(g(a(s?, 5% he); 0') > wi(g(oh(s?"), o_i(s”); he); 0).

Since g(o(s?",5%); he) = g(mj; hi) = a and we have assumed that 6’ and 6" are two states

satisfying () in the definition of Maskin monotonicity, we get that

wig(o(s!,s22)i he); 0") > wilg(oi(s?"), 0-i(s%); he); 07). ()

Now, since by ®2, ¢;[-|s¢", hi] assigns a strictly positive weight only to (¢,s%,) and (9”,5%"),
we conclude (4) and (5) imply that:
Y Gil0,s-a)ls? el uilg(o(s?, s-i); he); ) — wilg(oi(s? ), 0—i(5-3); he); 6)
(6,5-0))
Case (2): hy ¢ H*,

In this case, at least one player j # i has not played according to m;‘ o3 This is still the
case for any subsequent histories, so that they all fall outside H*,. By X1, if player i plays
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according to o;, from hy, he will play according to m;,. Now, by 33, we know that when
player j other than 7 receives signal sgl, then he plays according to m; ¢~ Thus, the outcome
9// 0/

achieved when the profile of signals is (s ,s”;) must be the same as the outcome achieved

when my, is played. That is, we obtain

g(o(s f”a o )i he) = g(my; he).

Suppose player ¢ deviates to a strategy o/ so that o/(s?") = m/. Since, if the other players

are receiving signal profile s? ., they will all be playing according to m*, o, we obtain

9(oi(s?"),o-i(s%3)s he) = glmiym™ g o).

Since mj, is a subgame-perfect equilibrium in the complete information game I'(¢), we have

ui(g(my; he); 0') > ui(g(m;,m*_w/; ht); 0). Thus, we also get

Ui(g(U(SfNa l) hy); 9/) > ui(g(o (3?”) U—i<3€li)§ht)§6/)-

Because by ®1, ¢;[(6/,s7,)|s?", hs] = 1, so we can conclude

Y dil0,s-)ls?" el uilg(o(s]" s 5-3); he); 0) — wilg(o] (S?”)aa%(sfiﬁht)?é)] > 0.

Case (3): hy € H* \H*

Since hy € H*; and hy ¢ H*, only player ¢ has not played according to mfﬁ,. Then h; does not
fall in H* , for each k # i (recall that H* , is the set of histories under which every player j
other than k has played according to m;fﬁ,). It is also clear that any subsequent history does
not fall in H*,. for each k # i. By X1 and X3, whether player i’s opponents have received
s%. or s” they all play according to m* “ .o~ By ®2 we know that ¢;[- 5% he] = vo(-]s?")
assigns a strlctly positive Welght only to (¢, _’Z) and (0”,5%"). In addition, we have that for
any h € H* or h ¢ H*; : 04(h,s?") = m; g (h, s9"). Since hy € H* \H*, we conclude with $2

that:

S vl ils! ) [wilo(o (2" 53 )i 0) — uilg(ol(s!"), o (s -3)s ha); 0)] > 0

(é,s_i)

for any o; that differs from o; only at h. By this and case (1) and (2), we know that at any

history players have no profitable one-shot deviation, by the one-shot deviation principle (see

12



Hendon, Jacobsen, and Sloth (1996)%) this yields:

ST v @5 als? ) [uilg(o(s? 503 )i 0) — wilg(0l(s?"), 0-i(s-1); hu); B)] > 0
(é,s_i)

for any o]. This completes the proof.

B.2 Consistency

In this section, we show that for some ¢ € ®, (¢, o) satisfies consistency.

To show this part, we first fix o as defined above and consider the following sequence {(¢*, o%)}3°
of assessments. Let n > 0 for each k£ and 1 — 0 as k — oo. For each player i, hy € H, and signal
s;, let & (hy, si,-) be any strictly positive prior over M;(h;)\{ci(si, ht)} and define o¥ as

Txn "

L —mn " if mt = o;(h, sf

);
Txn

]{,‘ t 4
o.(milhe, s ) =
i ( l‘ ts 54 ) i X gi(hb S?II’mD otherwise

where T is the (finite) length of the longest final history, and for any signal s; # s?" :

L —ng if mj = oi(he, 5);
of (mi|hy, ;) = L il Z)' .
M % &i(he, 55, m;) otherwise

Let ¢* be the unique consistent belief associated with each o. It is easy to check that o* converges
to o and also that ¢F converges.” Let ¢ = limj_.c ¢*. In what follows, we show that ¢ satisfies
®1, 2 and ®3. This will show that (¢, o) satisfies consistency, and ¢ € ® as claimed.

To do so, we explicitly compute each ¢* and study its limit as k tends to infinity. In general

for each (5, §.;) €0 x84 each hy = (m',...,m!~1) € H, and each 3; € S;, we have

t—1
v (0.5-5,5) x [ |oF(m” e, 9)]
OF1(0,5)|5i, he] = - :
ve(0, 5 ;,5) X H [O’k(mt/mtusl_i,@)}
6,5") =1

In the above formula for each ¢’ < t, hy stands for the truncation of h; to the first ¢’ elements, i.e.,

ht’ = (ml, ceny mt,_l).

SHendon, Jacobsen, and Sloth (1996) assume that for each 4 and h, M;(h) is finite, which is our Al. It is easy to
check that their argument goes through in case M;(h) is countably infinite. This fact is implicitly used in Section C.

" As will become clear from the proof, the sequence {d)k}k does converge. Moreover, convergence in the definition
of consistency is taken uniformly over messages and histories. In the case where M;(h) is countably infinite (we
will discuss this case in Section C of this online appendix), two natural convergence notions can be used: point-
wise convergence or uniform convergence. The set of sequential equilibria is smaller when one assumes uniform
convergence. Hence, the use of uniform convergence strengthens our result.

13



Claim 4. ¢ satisfies 1.

Claim 4 says that, for any player i who sees signal S?N and has an opportunity to play after some
other player has not played according to mj, (i.e., by ¢ H*,), then under ¢ = limy_,, ¢*, player i
believes with probability one that the state is 6/, and that the other players have received 59/ In
order to show that, we observe that if every player other than i has received a signal s; € {s i ]9”},
then at such a history some player j other than ¢ has deviated from o. Then, since under the

sequence of totally mixed strategies built above, it is (infinitely) more likely (as 7 tends to 0) that

a deviation occurred at 39/ rather than at 39" In the limit, Bayes’ rule will then put probability
one on sj and given that the prior v° assigns strictly positive weight only to (6", s%) and (¢',5%),
Bayes rule will then put probability arbitrarily close to one on (¢’, s_/z) In case player ¢ received
the private signal s , if hy is a history under which all players other than [ have played according
to my, (i.e. hy € H*;), then the deviating player is I and again using a similar argument as above,

we show that player ¢ must assign probability 0 to player [ receiving 519” and so to 7.

Consider player i at history hy ¢ H* ;. The proof is reduced to checking the following two cases:

Proof of Claim 4. Case 1: s; = s?”
Recall that v°(-,s?") assigns a strictly positive weight only to (6",

? Z

s?") and (¢',s,). Hence,

ACENIERYY

t—1
/ 4 ! /
Ve (0,87, 80" x | | | | Uf(mzv\ht/,sg)

jAi =1
t—1 -1
/ l/ 1 / 1
ve(0, 8%, 80 < [ T ok mt e, s5) + 0207, %5 s2) < [T T o om |, s77)
J#It =1 jAi =1
V0, s, 50"
)

—i7 21
t—1 '
[T o501 hesl)
fg
(9/ 0’ 9//) —|—1/5(0// o 9//) % j;ﬁltt:i

— z —1) z
/ /
[T o5 omy 1w sf)

jAit =1

We now show that the ratio below converges to 0 as k — oo:

t—1 t—1
HHO’ t/|ht/,39"/HHa |ht/s Y >0 as k — oo.

jAit =1 it =1

This will show that ¢¥[(6/,s7,)[s?", hs] — 1 and ¢F[(6”,5%)|s?" he] — 0 as k — co.

75
a player 7 # i and a date t < ¢t — 1 so that j has not played according to U], ie. oj(hs s5) # mA

Note first that in case every player j other than i receives signal s; € {s? } there must exmt

To see this, we proceed by contradiction and assume that o_;(hy,s—;) = mt’ ; forall ¢/ < ¢ — 1
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This implies that whenever hy_; € H*,;, we must have hy € H*,, because hy_; € H*, implies

—1) %

that either hy 1 € H* (i.e., no player has deviated) or hy_; ¢ H*; for all j # i (i.e., player i has

deviated). In either case, o_;(hy—_1,5-;) = m*, o(hy_1) is obtained by X1 and 33. Since we have

t'—1
—7

Since h; =0 € H* C H*,, this simple inductive argument shows that h; € H*,, a contradiction.

assumed that o_;(hy_1,5_;) =m we get mtli_l = m*_w,(ht/,l), which proves that hy € H* .

By construction of ¢*, this implies that for some j# i and £ <t —1:
T 7" it
( t|ht’ 55 ) =My Xnéj( 157 7m§) (6)

Now, we have:

t—1
9//
H H 9 |ht/’ %) ) Txn

j#it=1 < up X {j(hg, qu ,m}) x 1
t=1 = t—1
H H of (m§ |h, 5 ) H H m&j(hy, st ,mb)
JFit'=1 jAit'=1
Txn " t
n &i(hy, 85, mj)
G I;)(nfl) A — — 0 (as k — 00).
n / /
k T 1] & e, s5 m%)
J#i =1

Here, the inequality is assured by (6) and the construction of o® that, for all j and ¢/ < t — 1,

ok (m¥|hy,s7) > ng x &(hy, 7 ,ml).
Case 2: s, = sf

Recall that v°(-, sf,) assigns a strictly positive weight only to (€', sg/l) and (0',7;) for each | # .

Hence,
k
SEL(0" )| s? s ]
t—1 t—1
(0", 1) x H H crf(mz» |ht/,s§) X H ok (ml |hy,s!")
B JALit=1 =1
' T2) X H HO’ ;l\ht/,sgl)%—ua( 0,57, s7) x H Ha ?]ht/,s?,)
Zil JFzat'=1 JFIt=1
N 1/8(9, Tl)
S vE(0, 1) x co(k) +ve(0, 87, s7) x H of(m? |hy, s? /H oF(ml |hy,s?")
z#1 =1 =1

for some positive functions ¢, (k). We now show that if h; € H* ;, then the ratio below converges

to +o00 as k — oo:

— t—1
H of (mf |hy, s?) H of (mf |hy, s ) = +o0 as k — oo.
=1 =1

15



This will show that ¢F[(6/,7)|s?,hy] — 0 for all I if h; € H*; and hence that ¢ satisfies ®1.

Assume that h; € H *, for some [, as we already claimed, if every player j other than ¢ has received

355
to 0, i.e., 0;(hs, s5) # mj Now, since hy € H*,;, we claim that ) = [. Indeed, h; € H*; means that

a signal s; € {s? } there is a player j # i and a date £ < t—1 so that 7 has not played according

any player j other than [ has played according to m;,o/‘ So if player | had played according to o;
(i.e., for all ¢’ : oy(hy, s;) = mf/), repeated applications of 31 and 33 would yield to hy = hy € H*,
which is false by assumption.

By construction of ¢*, this implies that there exists £ < t — 1 such that oi(hg, s1) # m’f and so:
af (mi|hy s7) = mg " "Gulhg, 5] my). (7)

Now, we have

t—1
/ / /
Haf(mf ’ht'asle) 1Hfl (P, 51 7mz)

=1 > =1

t—1 = T><n o
&(hy, sy ,mb) x 1

[T of (mf' e, s") (vl

t'=1

— o0 (as k — 00).

Where the inequality is assured by (7) and (assuming without loss of generality that Mg is small)
we use the fact that by construction, for all ¢ <t —1, of(m ]htr s9) > x &(hy,s? ,ml). m

Claim 5. ¢ satisfies ®2.

Claim 5 says that if player i gets signal sf/ or sf” then at a history h; under which each of his
opponent has played according to my,, ¢ is the same as his beliefs given only by his private signal.
To prove this, we show that if every player j # ¢ has received a signal s; € {s?l, S?”} then at
histories where all players other than i have played according to my,, each player other than 7 has

played according to o at each previous stage. This ensures that for any h; € H* ., no player other

79
than ¢ has deviated from the candidate for sequential equilibrium strategy profile ¢ and so player

i’s beliefs must be given by his private signal.

Proof of Claim 5. Consider player ¢ at history h; € H*,. Here again, the proof is reduced to
checking the following two cases.
Case 1: s; = 59"

Recall that 1v°(-,s?") assigns a strictly positive weight only to (8”,5%7) and (¢,5?;). Hence,

)

OF1(0", 570", ]

7—’L

t—1
V‘E(Q”, Sg’;’ S?H) v H HO_ |ht’a 59//)

jAit =1

(0,57 xHHa Ulhy, 89"y + oo (0,87, s07) xHHa m¥ |hy, s7)

jFEit'=1 jFELt'=1
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(9// 0" 9”)

717 ’L
t—1
/ !
[T IT o 0m | b, )
vR(0, ") (0,87, x 2

(A
k ! 9//
H H Uj(mz' \ ht’asj )

jAit=1

We now show that the ratio below converges to 1 as k — oo:

t—1

HHO‘ |ht/,s /HHO’ J|th/,.9])—>1 as k — oo.

JjFit'=1 jFit'=1
This will show that ¢#[(6”, s7)[s?", hy] — v=((6”,5%")]|s Z?‘w) and OF((O, 8 )8 he] — vo((0',s7,)]s0).

Note now that if players j # i receive signal s; € {s] S @73, then for all ¢/ <t — 1, oj(hy, sj) =
m?. To see this, note that for any ¢’ < ¢ —1: hy € H*,, thus, either every player has played
according to my, (i.e., hy € H*) or player i has not played according to mj, (i.e., hy ¢ H*; for
all j # 7). In each of these cases we know, by X1 and X3, that o; prescribes to play according to
t/

mj g Since hy € HZ,; this implies that o;(hy, s;) = m} g (hy) = mj.

By construction of ¢*, this in turn implies that for all j # i and ¢/ <t —1:

T><n

k / 4 k ’ 9"
o; (m§ |hi, 85 ) =1 — g and o} (mz lhe,s§ ) =1—n]

Thus,
t-1 t—1
HHU;?(mE“htUS?)/HHU ’ht/,S])—>1 as k — oo.
JFit=1 jFit'=1
Case 2: s; = sf'

Recall that v°(-,s?") assigns a strictly positive weight only to (#’,s”.) and (¢, 7) for I # i.

2 (2

Hence,
¢z [( —z)| ?/7 ht]

Ve, 5%, s7) XHHO’ g\ht/,s?,)

i JjFit'=1
B t—1
e(p! <O’ ’ e(f! t’ o' k t/ [
ve(0',s?,, st XHHO’ |ht/ 5 )+ZV (0", 1) x H HO‘ mj |hy, s37) X Hal (m] [y, s7)
jFit'=1 jFEilLt'=1 t'=1

(91 l7,7 7,’)

-1
Hg'lk(mf ‘htlas?l)
v, s%, 8 ) + v (0, ) x

1#1 ’ ’
Halk(mf |ht”sla)
t=1
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We now show that for each [ # i, the ratio below converges to 1 as k — oco:

t—1
H of (mf |hy, sl / H of (mf |hy,sl') — 1 as k — .

t'=1 t'=1

This will show that ¢#[(0/,s%.)|s?, he] — v5((¢',s%;)|s¢") and similar reasoning shows that for each
L#0: R0, 7)Y, he] = v°((0',7)|s?), and hence, ¢ satisfies 2. m

Now, by similar reasoning as in the case above, we get that for all [ # i and ¢/ <t —1:

! ! ! /!
(Ilk(m}5 |ht/,819 )=1—n and U{“(m’l‘/ \ht/,sf )=1-— ngxn

Thus,

t—1 t—1
H Jlk(mf/]htr,slu)/ H oF(ml |hy,s?) =1 as k — oc.
=1 =1

§0" - . G o

, ve(-, assigns a weight one to (6,s”.), we have
1 l Z

—1

Finally, observing that for 80 ¢ {s?'

established the following claim, which completes the proof of Theorem 3.

Claim 6. ¢ satisfies ®3.

C Theorem 3 extends to countable messages

Here we extend Theorem 3 to mechanisms that have countably infinite message spaces. This ex-
tension is important because some of the literature on implementation theory uses “integer games”
where each player has to announce an integer and becomes the dictator when his integer is the
largest one, as in Maskin (1999) and in Moore and Repullo (1988).

Assumption A2. M; (h) is countable for each i and h.

The next assumption says that against any profile of strategy in the complete information game,
in the neighborhood of complete information, each player ¢ has a non-empty set of best responses.
This condition is vacuously satisfied under Al, so Theorems 3 and 4 show that if a mechanism
can implement a non-Maskin monotonic social choice correspondence (SCC) both under complete
information and under small information perturbations, then under this mechanism players must
not have well-defined best responses. In addition, we show in Section C.2 that when the state space
is finite (this is our case), Moore and Repullo’s general mechanism has well-defined best-responses

(under weak assumptions) and so our argument also applies there.

Assumption A3. The sequential mechanism I has well-defined best replies: for any player 1,
any 0 € ©, any m_; € M_;, there exists £ (i,0,m_;) > 0 such that for any f € A(O) with
B(0) >1—E(i,0,m_;), for any m; € M; we have for all h € H :

argmaxZﬁ Yu;i(g (mz,m ,)) ;h) ;0) £ 0
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where the max is taken over all pure messages m; € M; that differ from m; only at h.

Remark C.1. If the mechanism is not finite but the set of outcomes is, A8 is also vacuously
satisfied. We also note that A3 is not needed for sequential mechanisms in which each player moves

only once.®

Theorem C.1. Assume A2 and AS3. Suppose that a mechanism I' SPE-implements a non-Maskin
monotonic SCC F. Fix any complete information prior p. There exist a sequence of priors {v°}e>o
that converges to p and a corresponding sequence of sequential equilibria {(¢°,0%)}e>o such that as
e tends to 0, g(o°(s%);0) — a ¢ F(0) for some 6 € © and some a € A.

Proof. The proof is essentially the same as the proof of Theorem 3 where we only consider finite
mechanisms. So, we claim that there are essentially only two changes we need to extend the proof
of Theorem 3 to the case of countably infinite message spaces. First, in the beginning of the proof
of Theorem 3, we have to choose € > 0 small enough to apply A3. Second, we will show that A3
guarantees that X2 (which is introduced in the proof of Theorem 3) is well defined. This will be

proved in the next subsection. m

C.1 A3 guarantees that 32 is well-defined

Fix ¢ > 0 small enough so that u5(9,|5f/) >1—£&(i,0,m*, ). We shall claim that A3 guarantees

that one can construct m; needed for ¥2. First, for any hy € H* or hy ¢ H*,, we set m;(hs) =
m; o(ht). Second, we define m; by induction on the set of histories in H*;\*. Take any history
ht € H* ,\H* so that there is no subsequent history that falls into H*,\H*. Since we already
defined m;(ht) = mj4(he) for any hy & HZ,\H*, m; has been defined for any subsequent histories.
By A3 we obtain

arg maxz 1/5(§|sf/)ui(g ((mé,miw)) ;ht) aé) #0
6

where the max is taken over all pure messages m, € M; that differ from m; only at h; and are
identical at any subsequent histories (what happens before h; is obviously irrelevant).

Now set
m;(hy) € argmaxz V5(9~|8? Yui(g ((m;,m_z)) ;ht) ,0~)
0

This establishes that one can inductively construct m; so that m; satisfies the properties needed
for X2.

C.2 A3 is satisfied in the Moore-Repullo canonical mechanism

We will review some of the main results of Moore and Repullo (1988) here.

80ne can directly check this in the definition of strategy o (£2) used in the proof of Theorem 3. More specifically,
it can be checked there that for each player, A3 is only used at histories where this player has to choose a message
and at which he has previously deviated from the equilibrium. By construction, there is no such a history.

19



Definition C.1 (Moore and Repullo (1988)). A social choice correspondence F satisfies Condition
C' if, for every pair of profiles 0, ¢ € © with a € F(0)\F(¢), there exists a finite sequence

o(0,¢;a) ={ap =a,a1,...,a,...,a, a1} C A,
with I =1(0, ¢;a) > 1, such that:
1. for each k =0,...,1 — 1, there is some particular player j(k) = j(k|0, ¢;a), for whom
Wik (ar; 0) > wjr)(ars1;0);
2. there is some player j(1) = j(1|0, ¢;a) for whom
wjy(a; 0) > ujoy(ap1;0) and wjgy(aisr; @) > ujgy(a; @)

Further, 1(0, ¢;a) is uniformly bounded by some | < cc.

Assuming Condition C' holds, let Q(F) be a class of subsets @ of A. A typical @ is defined as

follows:

For each pair of profiles # and ¢ in ©, and for each a € F(0)\F(¢), select one
sequence (6, ¢;a) satisfying (1) and (2) in Condition C'. Then let @ be the union of

the elements in these sequences.

Q(F) comprises the @’s constructed from all possible selections.

Definition C.2. A social choice correspondence F satisfies Condition C* if it satisfies Condition
C and the following condition as well: there exists a particular QT € Q(F), and a particular set
B C A containing QT , such that the following is true for each 6 € ©:

e FEach player i has nonempty mazimal set B} (0) C B under 0, i.e., B (0) = arg max,cp ui(a;0).
o B (0) N B;(0) =0 for each 0 € © and each i,j € N with i # j
e BX(0)N Q" =10 for each i and each 6.

Let the selected sequences (6, ¢;a) € QT be labelled o7 (6, ¢;a). Define the Moore-Repullo

canonical mechanism T'M# = (M, g) as follows.

Stage 0: each player i announces some triplet m; o = (6%, a’, nj)), where 6 € ©,a* € F(6"), and n},

is a nonnegative integer. There are three possibilities to consider:

1. all n players agree on a common profile § and outcome a € F(6), then outcome a is chosen.
STOP
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2. If only n—1 players agree on a common profile # and outcome a € F(#), and if the remaining

player ¢ announces a profile ¢, and

(a) if a € F(¢), then outcome a is implemented; STOP

(b) if a ¢ F(¢) but i is not the agent j(0) prescribed in o7 (6, ¢;a), then outcome a is
implemented; STOP

(c) if a ¢ F(¢) and i = j(0), then go to Stage 1.

3. If neither (1) nor (2) apply, then the player with the highest integer n{ is allowed to choose an
outcome from B. Ties are broken by selecting from the players who announced the highest

number according to who has the smallest i. STOP

Stage k£ =1,...,1: each player 7 can either raise a “flag,” or announce a nonnegative integer

n}c €N, ie., mi € M, € {flag} UN. Again there are three possibilities to consider:

1. If n — 1 or more flags are raised, then the agent j(k — 1) prescribed in o™ (6, ¢;a) is allowed

to choose an outcome from B. STOP

2. If n — 1 or more players announce zero, and

(a) if the player j(k) prescribed in o7 (6, ¢;a) is one of those who announce zero, then

implement outcome ay, from sequence o™ (0, ¢;a); STOP
(b) if j(k) does not announce zero, then
i. if k <[, go to Stage k + 1;
ii. if ¥ = [, implement outcome a;; from sequence o (6, ¢;a). STOP

(¢) If neither (1) nor (2) apply, then the player who announces the highest integer nf is

allowed to choose an outcome from B. STOP

Theorem C.2 (Moore and Repullo (1988)). If a social choice correspondence F satisfies Condition

C™, and n > 3, then F can be implemented in subgame-perfect equilibrium.

Moore and Repullo (1988) show the above theorem by using the mechanism described above.
We note that this mechanism satisfies A3 if the set of outcomes A is finite or when each player’s
preferences over A are strict and utilities are bounded. Furthermore, the above mechanism satisfies

A3 whenever (i) the set B given in Condition C" is a compact set of outcomes; (i) u; : Ax O — R
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is continuous in @.”10 It is worth noting that many researchers assume (i) and (ii) after appeal-
ing to Moore and Repullo’s (1988) result. This is the case for instance in Moore and Repullo
(1988)’s examples of risk-sharing (Section 6.1) or the production contract example (Section 6.2).
More importantly, it is also the case in Maskin and Tirole (1999a)’s proof of the irrelevance theo-
rems. Hence our non-robusntess result (i.e., our Theorem C.1) also apply to Maskin and Tirole’s

irrelevance theorems.

D Sufficiency for Robust Implementation: The Case of Social
Choice Correspondences (SCCs)
In Remark 3 of Section IV, we argue that Maskin monotonic social choice functions are robustly

implementable. Here we extend this argument to the case of social choice correspondences.

We need to strengthen Maskin monotonicity to the following:

Definition D.1. An SCC F satisfies strong Maskin Monotonicity if for every SCF f selected
from F and every pair of states ¢ and 6" such that

{6,0) [ui(f(0);0') > wa(D:0') } € {3, b) |ua(f(60):0") > wi(bs0”) }

then f(6') € F(0").

Strong Maskin monotonicity is equivalent to Maskin monotonicity in many economic environ-
ments.!! For example, consider environments in which there is a private good that is both desirable
and continuously transferable. Another example is an environment in which agents have strict pref-

erences. The next definition is the no-veto-power condition, which is widely used in the literature.

Definition D.2. An SCC F satisfies no-veto-power if whenever there is an alternative ¢ € A
such that for at least n — 1 players i, u;(c;0) > u;(b;0) for every b € A, we have ¢ € F(0).

We need one extra condition together with strong Maskin monotonicity and no-veto power.

This is the no-worst-alternative condition as defined by Cabrales and Serrano (2011):

9Then, for any 8 € A(8), _ _
arg rgleaécz B(0)ui(a;0) # 0.
2

We note that a one-shot deviation of player i at stage k in '™ allows player ¢ possibly to fall into an integer game
at stage k where he can get any outcome in B; if he cannot fall into this integer game, he can only induce a finite
number of outcomes, say By, by deviating. In any case, he has a most preferred deviation, i.e.,

arg I;leagz B(O)ui(a; 0) # 0; arg Lo Z B(O)ui(a; 0) # 0; and arg max Z B(O)ui(a; 0) # 0.
0 4 0

€BU

Then A3 is satisfied whenever (i) and (ii) hold.

10Note that A2 need not be satisfied for these mechanisms since B need not be countable. A2 was introduced only
to define sequential equilibrium in a simple manner. If one uses perfect Bayesian equilibrium instead, we believe
that A2 is not required.

"'What we mean by “strong”is that we replace the first weak inequality of (%) in the definition of Maskin mono-
tonicity with a strict one. This notion also appears in Chung and Ely (2003).

22



Definition D.3. An SCC F satisfies the no-worst-alternative (NWA) condition if for each
agent i € N, 0 € © and f selected from F, there exists z(i,0, f) € A such that u;(f(0);0) >

Ui(z(ivaa f)7 9)

Let P denote the set of priors over © x § with the following metric d : P x P — R4: for any
p i € P,

d(p, i) = 0,s) — ' (0,5)).
(ks 1) (G’geagxs\u( ,8) — (0, 5)]

So, when we say v*¥ — p, we mean that d(v*, u) — 0 as k — oo. When O x S is a finite state space,
Theorem 14.5 of Fudenberg and Tirole (1991a) shows that when v¥ — y as k — oo, there exists
{p¥}22 | such that (1) p* — 1 as k — oo; (2) v¥({(6,5%)}eco) > p* for each k; and (3) for each k,
it is common pF-belief at any profile of signals s? that § has realized.'?

We propose the following definition of robust implementation:

Definition D.4. An SCC F is robustly implementable under the complete information prior p if
there exists a mechanism I' = (M, g) satisfying the following two properties: for any SCF f selected
from F and any sequence of priors {v°}eso converging to p, (1) there is a sequence of sequential
equilibria {0} os0 in {T(v°)}eso satisfying lim. o g(0°(s%);0) = f(0) for every 6 € ©; and (2) for
any sequence of sequential equilibria {o°}cso in {T'(v°)}es0, we have lim._,o g(c°(s%);0) € F(6) for
every 6 € ©.

Remark D.1: The first requirement of robust implementation says that for any SCF f selected
from a given SCC F and any environment near y, there is an equilibrium whose outcome is close to
that given by f whenever a signal profile s has strictly positive probability under x (i.e., s = s? for
some 6). The second requirement says that for any environment near p, whenever a signal profile
s has strictly positive probability under u, equilibrium outcomes are close to that of 7. Both
requirements are robust analogs of the two standard requirements of implementation.'® Roughly
speaking, the first requirement embodies a version of lower hemi-continuity of the equilibrium
correspondence and the second embodies a version of upper hemi-continuity.'* As is clear from
the proof of Theorem 3, to show that Maskin monotonicity is necessary for SCCs to be robustly
implemented, we only used the second property of robust implementation and do not exploit the full
strength of robust implementation. Finally, the subsequent argument provides sufficient conditions
under which a static mechanism yields robust implementation. Hence, the result would hold if we
were to replace sequential equilibrium by Nash equilibrium in the above statement.

We are now ready to state the result:

12ee Monderer and Samet (1989) and/or Fudenberg and Tirole (1991a) for the precise definition of common
p-belief.

13See, for instance, Maskin (1999) for the definition of Nash implementation.

MPproperty (2) in our definition says that the correspondence from priors to equilibrium outcomes has a closed graph.
In general, this is not equivalent to upper hemi-continuity. However, the closed graph property of the equilibrium
outcomes correspondence implies upper hemi-continuity if the range of the correspondence is compact (see Aliprantis
and Border (1999)).
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Theorem D.1. Suppose there are at least three players, i.e., |[N| =n > 3. If an SCC F satisfies
strong Maskin monotonicity, no-veto-power and the NWA condition, then F is robustly imple-

mentable.

Proof. We construct an implementing mechanism I' = (M, ¢).!® For eachi € N, let M; = (6 x F)U
(Z4+ x A) where Z is the set of nonnegative integers. That is, each agent is asked to report either
a state and a social choice function or an integer and an alternative. Let m?7/ denote the message
profile ((8, f), (0, f),..., (0, f)), and m%F\m; the profile obtained from m?/ by substituting m; for
agent i. We set g(m?7/) = f(0). If m; = (¢', f'), and if there exists an alternative ¢ € A such that
ui(c;0) > ug(f(0);0') but u;(f();0) > ui(c; 0), then we set g(m?\m;) = ¢. (If there is more than
one such ¢, select one arbitrarily). For all other cases, we set g(m?f\m;) = 2(i,0, f(0)) as defined
for the NWA condition.

Consider any other profile of messages m. If each m; consists of a state and a social choice
function, then choose g(m) to be an arbitrary element of F(©). If at least one agent has announced
an integer and an alternative, set g(m) to be the alternative named by the agent whose named
integer is the greatest (breaking ties by choosing the lowest index among those who announced the
greatest integer).

The rest of the proof can be completed by the following three steps: in Step 1, we show that for
any SCF f selected from F, there exists a good equilibrium whose outcome coincides with that of
f for any nearby environment. In Step 2, we show that any Nash equilibrium outcome is socially
desirable. In Step 3, we show that this continues to be the case in nearby environments.

For any complete information prior p, let U(u) denote a neighborhood around p with respect
to metric d.

Step 1: Let p be a complete information prior. For each SCF f selected from F, there exists a
neighborhood U (u) for which there exists a strict Bayesian Nash equilibrium o of the game I'(v)
for each v € U(u) such that g(o(s%)) = f(6) for every 6 € ©.

For each SCF f selected from F and 6 € O, consider the truthful strategy of agent ¢ as

mf’f = (0, f). This yields g(m?/) = f(6). By construction, if in state #, agent i sends message
97f

m; #m; 7,

uwi(g(m®7);0) > wi(g(m®\m;); 0).

Hence, m%/ is a strict Nash equilibrium of the game T'(9). Define o;(s?) = (0, f) for each s¢ € S; as
agent i’s strategy of the game I'(). Then o is a strict Nash equilibrium of the game I'(p1). Define

Alo_i] = {a € A‘ Js_; € S_;, Jo; such that 9(03(51),0_i(54)) = a}

as the set of possible outcomes that can be induced by agent i’s strategy a; against o_;. By
construction of I and the finiteness of S, Ao_;] is finite. It is important to note that each agent

can only induce a finite number of outcomes, while the set of strategies may be infinite. By the

5The proof here is a modification of that of Theorem 2 of Chung and Ely (2003).
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continuity of expected utility and the finiteness of S, N, and A[o_;], there is a neighborhood U (1)
such that o continues to be a strict Bayesian Nash equilibrium of the game I'(v) for every v € U(u).
Step 2: Let p be a complete information prior and o be a Nash equilibrium of the game I'(u).
Then, g(o(s?)) € F(6) for every 0 € ©.

Suppose o is a Nash equilibrium of I'(). Assume further that in o(s?), each player announces

the same state and SCF (6, f'). Then, g(o(s?)) = £ (6'). In this case, we claim that f(6') € F(6).
If this is not the case, by strong Maskin monotonicity, there exist a player ¢ and an alternative a
such that u;(a; 0) > u;(f (0');0) but u;(f (6'):0) > u;i(a;0'). By construction of I', we can conclude
that g(a(s?)\(0, f)) = a. Thus, o(s?) would not be a Nash equilibrium of I'(§). For any other
profile o(s?), there must be at least n — 1 agents who can deviate from o(#) and bring about a
profile in which there are at least 3 distinct messages. Thus, by construction of I'; each of these
agents could dictatorially choose his most preferred alternative from A in state . But since o(s?)
is a Nash equilibrium of T'(#), it must be that for each of these players i, u;(g(c(s%));0) > u;(a; )
for every a € A. Since F satisfies no-veto-power, g(a(s?)) € F(6).
Step 3: Let u be be a complete information. Suppose that o is a strategy profile such that
g(a(s?)) ¢ F(0) for some 6 € ©. It is enough for our purpose to show that there must exist a
neighborhood U(u) such that o is not a Bayesian Nash equilibrium of the game I'(v) for every
veU(p).

Suppose o is given such that g(o(s?)) ¢ F(6) for some 6 € ©. This implies that ¢ is not a Nash

equilibrium of I'(#). Hence, there exists an agent i and a strategy O'; such that

wi(g((03,0-3)(57));0) > wi(g(a(s”)); ).

By the continuity of expected utility and the finiteness of N, S, and Alo_;], there exists a neigh-
borhood U(u) such that for any v € U(u),

Yo > vlsls) ui(g(vé(S?),mi(S%));é)*uz‘(g(ffi(Sf),Ufi(Sfi));9)] > 0.

fe® s—i€5—;

This implies that o is not a Bayesian Nash equilibrium of I'(v) for every v € U(u). =
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