5 Appendix (To Be Published Online)

5.1 Proofs

Proof of Lemma 1. Consider the global game investors in set S play at time 4. In Section
3 of Morris and Shin (2003), it is shown that, in such a game, provided i—i is sufficiently

small, there is a unique equilibrium in which investors follow strategies of the form:
0'2~,LL+TQ~:EJ-
T
are focused on the case where o — 0, so % is indeed small. Furthermore, 6; — z; as

invest if and only if §; > x, where ; = denotes investor j’s posterior on ¢. We

o — 0, so in the limit, the cutoff rule becomes. invest if and only if z; > &.

Let us now solve for the cutoff (). If investor j invests, his expected payoff will be:

Payoff from investing = /5, - E(R|z;,j invests)
= fBm - E(8 + vK|z;,jinvests)
= B+ [ + 01+ (m = 1) - Pr(By > k)]

_ By {Q_j+v<1+(m—1)-Pr(xk>li+<i—z) (m—u)‘%))]-

Observe that investor j’s posterior on 6 is that it is distributed normally with mean

9 and with variance

s + 5. Since x;, = 0 + &y, j ’s posterlor on z, is that it is distributed

normally with mean 6; and with variance
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+ o2 (or, simplifying, with variance

2+ 2
). Consequently:
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where ®(-) is the cdf of the standard normal distribution.

At the cutoff (that is, when 0, = &), investor j should be indifferent between invest-



ing and not. Hence, the payoff from investing should be equal to 1. This gives us the

following formula:

B - [n+v(1+(m1)- (1@( il 4)))] ~ 1
(52) 27

Asoc— 0,9 (—”u) — ®(0) = 3. Hence, the formula simplifies to:

(%)20272-5-04
B - [ﬁ;—i-v(mTH)] = 1.
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Rearranging terms, we find:

This completes the proof.
O

Proof of Lemma 2. 1I;,(n) must be weakly increasing in n since M is less constrained in
his choice of m as n increases. To prove the remainder of the lemma, it is sufficient to

show that I, (m, 8*(m)) is strictly increasing in m for v large. Recall that:

Iy (m,B) =p+v-m(l—pPBm)-Pr(d > k) —pm-E0]0 > k)-Pr(0 > k),

where xk = % —v ().

Observe that E(6|0 > k) - Pr(6 > k) is bounded between 0 and E(0|¢ > 0) - Pr(0 >
0). Therefore, 111,/ (m,8) — m(1 — fm) - Pr(d > k) = Iy (m,B) as v — oo. To
show Il (m, *(m)) is strictly increasing in m for v large, it will be sufficient to show

11,/ (m, 3*(m)) is strictly increasing in m for v large, where 3*(m) = arg maxg I (m, B).

We can apply the Envelope Theorem to differentiate I1,;(m, 5*(m)) with respect to

dlly (m, 5" (m)) 3 vf(x)

L) (1= 3 (mm) - S (1= 25 (m)m) - Pr(0 > k),




where x = B*zm) — v () and f(-) denotes the pdf of the N(u, 7%) distribution. We see

; 3% 1 dlla(m,B*(m))
that, provided 5*(m)m < 5, =*5—=2 > 0.
We can show, by contradiction, that 5*(m)m < 1 for v large. In fact, we can show

B*(m)m < p for any p > 0. Suppose 5*(m)m > p. The first-order condition for 3* is:

(L — Fm) f(x) (ﬁi) i Pr(0 > 1) =0,

m+1

+1). Observe that k — —oo as v — oo if #*m > p. But, when

where k = ,BL —v(
k — —oo, the left-hand side of the first-order condition converges to —m?. The first-order

condition is consequently violated, which is a contradiction. This proves the lemma.

O]

Proof of Lemma 3. For now, let us take it as given that G(d s, e)r) is weakly increasing in
ey (in a first-order stochastic dominance sense) and strictly increasing in e); whenever
dy; > 0. Let us also take it as given that G(d,, e)s) is weakly increasing in d,; and

strictly increasing in d,; whenever e;; > 0.

From Lemma 2, we know that IT},(n) is weakly increasing in n. Since II},(n) is
weakly increasing in n and G(d s, enr) is weakly increasing in dyy, E[I1},(n)|n ~ G(da, enr)]—
c(ear) —b(2) is weakly increasing in d ;. It follows from the Envelope Theorem that V' (d /)

is weakly increasing in d ;. This establishes part (1) of the lemma.

Now, assume v > 0. From Lemma 2, we know that II},(n) is strictly increasing in n.
Since II},(n) is strictly increasing in n and G(dy, eyr) is strictly increasing in d;; when
er > 0, E[II},(n)|n ~ G(dar, en)] — c(enr) — by is strictly increasing in dj; when ey, > 0.
It follows from the Envelope Theorem that V' (d,,) is strictly increasing in d;; provided
e*(dys) > 0. While it remains to be shown, e*(d,;) > 0 whenever d,; > 0; this establishes

that V' (d ) is strictly increasing in d .

Now, let us show that e*(dy;) > O whendy, > 0and v > 0. If dyy > O and v > 0,
G(dar, enr) is strictly increasing in ey, and 1T}, (n) is strictly increasing in n. It follows that
EIL;,(n)|n ~ G(da, enr)] is strictly increasing in ey;. Therefore, the marginal benefit of
exerting effort is greater than zero; at e); = 0, the marginal cost of exerting effort is equal
to zero (¢/(0) = 0). Hence, it must be the case that e*(d,,;) > 0.



It remains to show that G(dy, exr) is stochastically increasing in its arguments. Let
By, denote a random variable that equals 1 when an investor /, connected to M with
degree k, becomes aware of the project and 0 otherwise. We can write n, the total number

of aware investors, as follows:

k
oo diy

=33 5

k=1 l=1

Observe that the By;’s are independent random variables; Bj; follows a Bernoulli
distribution with parameter §%=1. e)r. Hence n, which follows a G(dyy, ey,) distribution,

is the sum of independent Bernoulli distributions.

The Bernoulli distribution is strictly increasing in its parameter (in a first-order stochas-
tic dominance sense). An increase in ej; increases 6*~! - ¢): the parameter of By,’s dis-
tribution. Therefore, provided dy > 0, G(da, enr) is strictly increasing in e);. When

dv = 0, n = 0; so we can say that G/(d s, enr) is weakly increasing in e, for all dj,.

Now, let us show thatif d; > d; and e > 0, G(d;, ) >rosp G(d;,e). This will show
that G(d s, enr) is strictly increasing in dy; when e); > 0. When e); = 0, n = 0; so we can

say that G/(d,y, eyr) is weakly increasing in dj, for all ey.

Let us define d;; as follows: diy = (d},[d} — dj] + d7,d?,d},...). Notice that d; > d;
implies d} — d} > 0. Observe that, if n follows a G(d;;,e) distribution rather than a
G(d;, e) distribution, the difference is that (d; — d}) of the Bernoullis switch from param-
eter e to parameter ¢ - e. Hence G(d;,e) >rosp G(di1,e) and G(d;, e) >posp G(da,e) if
di —d; > 0.

We can similarly define dy; as follows: dy, = (d}, d3, [(d} +d7) — (dj+d5)]+d; , d}, d7, ...).
Notice that d; > d; implies [(d; +d7) — (d; 4 d3)] > 0. Observe that, if n follows a G(d;z, €)
distribution rather than a G(d;, e) distribution, the difference is that [(d; +d}) — (d} +d3)]
of the Bernoullis switch from parameter § - e to parameter 62 - e. Hence G(d;1, €) >rosp
G(diz, e) and G(di1, €) >posp G(dig, e) if [(d} + d7) — (d} + d3)] > 0.

More generally, define d; = (d}, ..., d}, [ _, d¥ =S d¥]+ditt dit2,dl2, ). By the
same logic, G(dy,e) >rosp G(digt1),€) and G(dy, e) >rosp G(digt1),€) if 22:1 dr >

l
Zk:l d?



Since d; > d;, we know that 3., dF > S, | d¥ for some [. So, G(di,e) >rosp
G(d;(41), ) for some [. We also know that lim;_, d; = d;. It follows that G(d;, e) >rosp
G(d;, e). This completes the proof.

]

Proof of Proposition 2. As a first step in the proof, observe that if investor j does not re-
ceive an equity offer, he earns a payoff of 1 for sure. An investor j who does receive an
equity offer earns an expected payoff strictly greater than 1. The reason is as follows.
Recall from the proof of Lemma 1 that, when z; < &, j earns a payoff of 1 but when
x; is strictly greater than &, j earns an expected payoff strictly greater than 1. Since we

assumed o — 0, Pr(z; > k) = Pr(f > k). Pr(6 > k) > 0 since 0 is distributed N (u, 72).

Uniqueness. Suppose there is an investor j who does not link at time 0 to the even-
tual auction winner, Y, but instead links to another manager. Investor j earns a payoff
of 1 since there is no chance of receiving an equity offer. Now suppose j deviates and
links to Y. Investor j’s deviation makes Y more connected than he was previously, so
Y still wins the auction. Consequently, in deviating, j has a nonzero chance of receiving
an equity offer so receives an expected payoff strictly greater than 1. Since the devia-
tion is profitable, it follows that all players must link to the eventual auction winner in

equilibrium. This establishes uniqueness.

Existence. To prove existence, we need to show that, in linking to manager Y at time
0, investors are best-responding. Observe that, when all investors link to Y, they receive
an expected payoff strictly greater than 1 since there is a chance of receiving an equity
offer. Suppose investor j deviates at time 0 and links to another manager. There are
at least 3 investors, so even when j deviates, Y is still the most connected manager
and wins the auction. Hence, in deviating, j links to a manager who loses the auction.
Investor j receives a payoff of 1 from this deviation since there is no chance of receiving
an equity offer. Therefore, j’s deviation is not profitable. We conclude that players are

indeed best responding in linking to Y.
O

Proof of Proposition 3. We can use backward induction to analyze the game.

Consider time 4. Let Ay, = ay + vsy. Observe that the project yields a return



R=0+v-Y

4 game in the baseline model, with § substituted for §. Consequently, we conclude that

jes 4js where § = 0+ A,;. The time 4 game is therefore analogous to the time
investors invest with probability 1 when § > r; investor do not invest with probability

1 when # < k. As before, k = ﬁLM —v ().

Now, consider time 3. Previously, we wrote M’s expected share of the project’s return
as I/ (m, ). In this case, M’s share also depends upon A ;. Therefore, we will write
M’s expected share of the project’s return as I1,(m, By, Apr). The following is a formula

for I/ (m, Bar, Apr) (Which we obtain by substituting 0 for § in our previous formula for
1—-[M (ma BM))

Iy (m, Bar, Anr) =(n + Apg) +vm(1 — Bayym) Pr(0 > k) — BymE(0]0 > &) Pr(0 > k),

Wherenzi—v(mT“) and 0 = 0 + Ay,

Asbefore, M will choose 8y and m to maximize II,, subject to the constraint that m <
n. We will write the value of II); when 5, and m are optimally chosen as IT*(n, Ay).
Observe that Lemma 2 carries over, since all we have done is substitute 0 for 0. So,

IT*(n, Apr) is weakly increasing in n and strictly increasing in n for v large.

There are two further results that are useful to establish: (1) IT*(n, A,,) is strictly

increasing in A, and (2) %IW > 1 for v large.

First, let us establish (1). We would like to show that IT*(n, A;) > II*(n, Ag) when
Ay > Ag. Let m§ and 3; denote the optimal choices of m and 3y, when Ay, = Ag. Let
m; = mg and let 3, = ——————. It will be sufficient to show that I1y;(my, 31, 4,) >

%4—(&1—&0)'
H*(n, Ao)

Three observations will be useful. First, notice that x; — the value of x corresponding
to m; and B - is equal to ko + (A — Ag). Second, 1 < f;. Finally, we know that

mgB; < 1. The reason is that it is never optimal to choose m3,; > 1: one could always



do better by choosing m/3,; = 0 instead. Consequently:

s (ma, B, A1) =(p + Ay) +vmy (1 = Bimy) Pr(6; > k1)
— BimiE (0|6, > r1) Pr(6y > k)
=(p+ Ay) +vm(1 — Bym?) Pr(fy > ko)
— BlmSE(9~0|§0 > Ko) Pr(éo > Ko) — fimg (A — Ap) Pr(éo > Ko)
>(p+ A1) + omg(1 = Gymg) Pr(fo > ko)
— BimgE (06|00 > ko) Pr(fy > ko) — (A — Ay)
=M (mg, B, Do) = i (n, D).

This establishes (1).

Now, let us show (2):

I (m, Bar, ans + vsar) =(p + anr + vspr) + vm(1 — Baym) Pr(6 > k)
— BumE (60 > k) Pr(f > k)
=(p + apr +vsy) + [vm(1 — Bym)
— Bum(anr + vsy) Pr(0 > k — apy — vsyy)
— BumE(0]0 > k — apnr — vspr) Pr(0 > k — apr — vsy),

where k = fﬁ — v ().

Observe that F (0|0 > k—ay —vsy) Pr(0 > k—ap — vsyy) is bounded between 0 and
E(0]6 > 0) Pr(6 > 0). Therefore, 211y (m, Bar, cns + vsar) — sar +m(L — Baym — Barsar) -
Pr(0 > k — apy — vsy) as v — 0. So, in the limit as v — 0o, M’s problem becomes one
of choosing m and [y, to maximize ﬁM(m, By) = sy +m(1 — Bym — Bysy) - Pr(0 >
K — aar — vsy). Let m* and 55, denote the maximizing choices. Applying the Envelope

Theorem, we find:

8HM§97: i) =14+ m (1 — By — Birsu) f(k — an — vsy)
M

— Bt - Pr(f > k — ay — vsy),

where x = 51;/[ — v (25t) and f denotes the pdf of the N (y, 7%) distribution. Recall from



the proof of Lemma 2 we showed, for v sufficiently large, B}‘th* < pforany p > 0. Or,
put another way, 3%,77* — 0 as v — co. The same argument applies here. Therefore, the

second term is positive for v large. The third term converges to zero as v — oco. Hence,
A ay (m*,BL,)
for v large, — e > 1.
OI* (n,oepr +vsar)
Osm

*(n,an+vsnr)

We conclude that, for v large, > v. So, itis certainly true that on Tanr >

1 for v large. This establishes (2).

Now, consider time 2 of the game. M’s expected payoff at time 2 is: E[II*(n, ay +
vsy)|n ~ G(dwm, em)] — c(2L) — s — be). M will choose ey, and s, to maximize this
expression subject to the constraint that s); < kj;. We can write M’s resulting payoff as:
V(dar, anr, Yar, kar) — beay.

Lemma 3 clearly carries over. So, V is weakly increasing in dy; and strictly increasing
in dy provided v is large (v > 0). Furthermore, e}, > 0 whenever v is large (v > ¥) and

dM>O.

We showed that IT*(n, ap + vsyy) is strictly increasing in ay,. So, by the Envelope
Theorem, V is strictly increasing in a;,. The Envelope Theorem also implies that V' is

weakly increasing in ,; and strictly increasing provided e}, > 0.

As kj; increases, this simply makes M less constrained in his choice of s;;. So,

it is clear that V' is weakly increasing in k);. We showed that, for v large (v > 0),
8H*(n7a1\/l+’l)8]w)
0snr

ceeds the marginal cost (which is equal to 1). So, it is optimal for M to choose sy = k.

> 1. Hence, when v > 9, the marginal benefit of increasing s,, always ex-

Additionally, an increase in k), strictly increases M’s payoff, V.

Finally, turning back to time 1, we know that managers will bid their valuations of

asset A in the auction: b; = V' (d;, o, s, k;). This completes the proof.
O

Proof of Proposition 4. As in the baseline model, if an investor j does not receive an equity
offer, he earns a payoff of 1 for sure. An investor j who does receive an equity offer earns

an expected payoff strictly greater than 1.

Uniqueness. Suppose there is an investor j who does not link at time 0 to the even-
tual auction winner, Y, but instead links to another manager. Investor j earns a payoff

of 1 since there is no chance of receiving an equity offer. Now suppose j deviates and



links to Y. Investor j’s deviation makes Y more connected than he was previously, so
Y still wins the auction. Consequently, in deviating, j has a nonzero chance of receiving
an equity offer so receives an expected payoff strictly greater than 1. Since the devia-
tion is profitable, it follows that all players must link to the eventual auction winner in

equilibrium. This establishes uniqueness.

Existence. Suppose V (dyaz — d, o, i, ki) > maxjen,, V(a, a;,7;, kj). We need to show
that an equilibrium exists in which i« = Y. One condition that must be met for such
an equilibrium to exist is that manager i outbids other managers in the auction when
he is connected to all the investors: V(daz, i, Vi, ki) > maxjen,, V(0, ¢, 7;, k;). Ob-
serve that this follows from V' being an increasing in d and V(d;u.. — &, gy Vi ki) >
max;cn,, V(d, a;,7;,k;). The second condition that must be met for existence is that
there is no profitable deviation at time 0 for investors. Observe that, when all investors
link to manager 7, they receive an expected payoff strictly greater than 1 since there is a
chance of receiving an equity offer. Suppose investor j deviates at time 0 and links to
another manager. Since V (d;0. — él, a;, v, ki) > maxjen,, V(El, aj,v;, k;), manager ¢ still
wins the auction. Hence, in deviating, j links to a manager who loses the auction. In-
vestor j receives a payoff of 1 from this deviation since there is no chance of receiving an
equity offer. Therefore, j's deviation is not profitable. We conclude that an equilibrium

indeed exists in which manager i =Y.

Suppose V(dyaz, 4, Vi, ki) > maxjen,, V(0, a;,v;, k;). An equilibrium does not exist
in which ¢ = Y since, when all investors link to manager 4, he is outbid in the auction.

This completes the proof.
O

5.2 Distributions of KX and R

This section provides more detail regarding how to calculate the distributions of K" and
R.

Recall from Section 2.3 that:

K =m*(n) - 1{g>x=(n)} almost surely,



where £*(n) = — L ___y m (M+1) Gince § and n are independent random variables,
By (m*(n)) 2

distributed N (p, 72) and G(dyy, e*(dys)) respectively, we conclude that:

Pr(K=k)= > Pr(n=n)-(1— F(x*(f)) forall k> 1.
{A:m* (R)=k}
Pr(K =0)=1-> Pr(K =k).
E>1

F denotes the cdf of the N(u,72) distribution. Pr(n = n) is the probability that n = n
given that n is distributed G(das, €*(dar)).

We can calculate Pr(n = n) from the observation that:

oo diy
nZE E Blka

k=1 I=1
where the By;,’s are independent random variables with By, following a Bernoulli distri-
bution with parameter 6*~! - e*(d /).

In the numerical example from Figure 1, we assume ) only has direct connections.
When M has d direct connections and no indirect connections, n simply follows a Bi-

nomial distribution with parameters d and e},. Hence, in this case: Pr(n = n) =
(3) (€3 (1 = e3)

Now, let us characterize the distribution of R. We can denote the cdf and pdf of R by
H(r) and h(r) respectively. Observe that:

H(r)=Pr(R<r)
=Pr(0 <r —vK)
:ZF(T’ —vk)Pr(K = k).

Differentiating, we find that:

10



5.3 Distributions of K and R (More General)

This section shows how to calculate the distributions of K and R for the generalized

version of the model presented in Section 3.

In Section 2.3, we showed that for the baseline model:

K =m*(n) - 1{g>r-(n)} almost surely,
where H*(n) = m — (%)

From the proof of Proposition 3, we obtain the following generalization:

* * *
K = sy +m"(n,an, 83y) * Lotan tvsi, > (nanrst,)) almost surely,

1 m*(n,anr,sh)+1
Wh T K/* n. o S* — — U .
ere ( y QM M) Bhr (nuan,shy) 2

Since 6 and n are independent random variables, distributed N (11, 72) and G(d s, €*(dys))

respectively, we conclude that:

Forall k > 1,
Pr(K =k+sy) = Z Pr(n =n)- (1 — F(k"(n,an, Syy) — ap — vSy))-

{Am*(A,an,s%,)=k}

Pr(K = sj,) =1-Y Pr(K =k+s}).

k>1
F denotes the cdf of the N(u,72) distribution. Pr(n = n) is the probability that n = n

given that n is distributed G(d s, e*(da)).

As before, we can calculate Pr(n = n) from the observation that:

k
oo dyy

RZZZBU‘”

k=1 =1

where the By;,’s are independent random variables with By, following a Bernoulli distri-

bution with parameter 6*~! - e*(d /).

Now, let us characterize the distribution of R. Again, we can denote the cdf and pdf

11



of Rby H(r) and h(r) respectively. Observe that:

(R<T)

r(0 +vK 4+ ap <)
0 <r—ay—vK)

:ZF(T —ay —v(sy + k) Pr(K = sy, + k).

Differentiating, we find that:

h(r) = f(r—oaun —v(sh + k) Pr(K = 3, + k).

12
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